Math

Formulas



1300 Math Formulas

.
[:duQuest

Reimagining Education




This page is intentionally left blank.



Preface

This handbook is a complete desktop reference for stu-
dents and engineers. It has everything from high school
math to math for advanced undergraduates in engineering,
economics, physical sciences, and mathematics. The ebook
contains hundreds of formulas, tables, and figures from
Number Sets, Algebra, Geometry, Trigonometry, Matrices
and Determinants, Vectors, Analytic Geometry, Calculus,
Differential Equations, Series, and Probability Theory.

The structured table of contents, links, and layout make
finding the relevant information quick and painless, so it
can be used as an everyday online reference guide.
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Chapter 1
Number Sets

1.1 Set Identities

Sets: A, B, C

Universal set: I
Complement : A’

Proper subset: Ac B
Empty set: &

Union of sets: AUB
Intersection of sets: AN B
Difference of sets: A\B

1. Acl
2. AcCcA

3. A=Bif AcBand BCA.

4, Empty Set
DA

5. Union of Sets
C=AUB={x|xeAorxeB}
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Figure 1.

Commutativity
AUB=BUA

Associativity
AU(BUC)=(AUB)UC

Intersection of Sets
C=AUB={x|xeAandxeB}

Figure 2.

Commutativity
ANB=BNnA

Associativity
An(BNC)=(AnB)nC
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12.

13.

14.

15.

16.

17.

18.

CHAPTER 1. NUMBER SETS

Distributivity
AU(BNC)=(AUB)N(AUC),
An(BuUC)=(AnB)U(ANC).

Idempotency
ANA=A,
AUA=A

Domination
AN =0,
Aul=I

Identity
AU =A,
ANnI=A

Complement
A={xel|xgA}

Complement of Intersection and Union
AUA'=1,
ANA' =0

De Morgan’s Laws

(AuByszBZ

(AnB) =A'UB

Difference of Sets
C=B\A={x|xeBandxgA}
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Figure 3.
19. B\A=B\(ANB)
20. B\A=BNA’
21. A\A=Q

22. A\B=Aif AnB=¢Y.

Figure 4.
23. (A\B)nC=(AnC)\(BNC)
24. A'=I\A

25. Cartesian Product
C=AxB={(x,y)|xeAandyeB}
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1.2 Sets of Numbers

26.

27.

28.

29.

30.

Natural numbers: N
Whole numbers: N,
Integers: Z

Positive integers: Z"
Negative integers: Z~
Rational numbers: Q
Real numbers: R
Complex numbers: C

Natural Numbers
Counting numbers: N = {1, 2,3,.. } .

Whole Numbers
Counting numbers and zero: N, = {0, 1,2,3,.. } .

Integers
Whole numbers and their opposites and zero:

Z'=N={1,2,3,...},
Z ={.,-3,-2,-1},
Z=7 u{tuz'={.,-3,-2,-1,0,1,2,3,...}.

Rational Numbers
Repeating or terminating decimals:

Q:{x|x=% and a€Z and beZ and b;tO}.

Irrational Numbers
Nonrepeating and nonterminating decimals.
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Real Numbers
Union of rational and irrational numbers: R.

Complex Numbers
C={x+iy|xeR and yeR},
where i is the imaginary unit.

NcZcQcRcC

Complex Numbers

1-4i ST
// Real Numbers \

%sﬁonaf Numbers
/ &

Figure 5.
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1.3 Basic ldentities

34.

35.

36.

37.

38.

39.

40.

41.

42,

Real numbers: a, b, ¢

Additive Identity
at0=a

Additive Inverse
a+ (— a) =0

Commutative of Addition
at+b=b+a

Associative of Addition
(a+b)+c=a+(b+c)

Definition of Subtraction
a-b=a+(-b)

Multiplicative Identity
a-l=a
Multiplicative Inverse

1
a-—=1,a#0
a

Multiplication Times 0
a-0=0

Commutative of Multiplication
a-b=b-a
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44,

45.
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Associative of Multiplication

(a-b)-c=a-(b-c)

Distributive Law
a(b+c)=ab+ac

Definition of Division
a 1

a._
b b

1.4 Complex Numbers

46.

47.

48.

Natural number: n

Imaginary unit: i

Complex number: z

Real part: a, ¢

Imaginary part: bi, di

Modulus of a complex number: r, r,, r,
Argument of a complex number: ¢, ¢,, ¢,

.1 . 5 . «4n+1 .
i —

1 =1 1 =1 =1
iP=-1 i*=-1 i =-1
PP =—i i/ =—i "=
i‘t=1 i*=1 i =1

z=a+bi

Complex Plane
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50.

51.

52.

53.

54.

CHAPTER 1. NUMBER SETS

Imaginary axis

3i1

bil——— = = = -|a+bi

2i |
|

i |

_ _ _ __ _ : _Rea!axis

2 -1 0 1 2 a3

Figure 6.
(a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)—(c+di)=(a—c)+(b-d)i
(a+bi)c+di)= (ac—bd)+ (ad+be)i

a+bi ac+bd bc—ad .
= + i
c+di +d? *+d?

Conjugate Complex Numbers

a+bi=a-bi

a=rcos@, b=rsin@
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56.

57.

58.

59.
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Figure 7.

Polar Presentation of Complex Numbers
a+bi=r(cos+ising)

Modulus and Argument of a Complex Number
If a+Dbi is a complex number, then

r=+a’+b> (modulus),
b

¢ =arctan— (argument).
a

Product in Polar Representation
z,-2, =1,(cos @, +isin, )-1,(cosp, +ising,)

=1, [cos((p1 +0, ) + iSiIl((P1 +0, )]

Conjugate Numbers in Polar Representation

r(cos @ +isin®) = r[cos(— ¢)+isin(- ¢)]

Inverse of a Complex Number in Polar Representation

L _Lcos(~¢)+isin(-)]
r(COS(p+1sm(p) r

10
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61.

62.

63.

64.
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Quotient in Polar Representation
z, rl(cos<p1 + isin(pl)

= 22200 = D [cos(¢, — ¢, )+isin(g, —,)]
z, t1,(cosq,+ising,) T,

Power of a Complex Number
2" =[r(cosp+ising)]" =r"[cos(n)+isin(no)]

Formula “De Moivre”
(cos@+ising)" = cos(ng)+isin(ng)

Nth Root of a Complex Number
Rz =y r(cosq) + isin(p) = %(cos ¢+ 2mk +1isin LS Zﬂk] ,

n n

where
k=0,1,2,...,n—1.

Euler’s Formula
e =cosx+isinx

11



Chapter 2
Algebra

2.1 Factoring Formulas

65.

66.

67.

68.

69.

70.

71.

72.

Real numbers: a, b, ¢
Natural number: n

a’—b’=(a+Db)a—b)
a’ —b’ =(a—b)a’ +ab+b?)

a’ +b’ =(a+b)a’ —ab+b?)

a'—b* =(a’ —b*fa> +b*)=(a—b)a+b)a> +b?)
a*~b’=(a—b)a’ +a’b+a’b’ +ab’ +b*)
a*+b*=(a+b)a’ —a’b+a’b’ —ab’ +b*)

If nis odd, then
a”+b"=(a+ b)(a“"1 —a"’b+a" b’ —...—ab" 7 + b“‘l).

If n is even, then
a"—b"=(a- b)(a“’1 +a"’b+a" b’ +...+ab" + bn’l),

12



CHAPTER 2. ALGEBRA

a"+b"=(a+ b)(a"_1 —a"?b+a"’b’ —...+ab"* - b"_l).

2.2 Product Formulas

73.

74,

75.

76.

77.

78.

79.

80.

81.

Real numbers: a, b, ¢
Whole numbers: n, k

(a-b) =a’—2ab+b’

(a+b) =a*+2ab+b’

(a—b) =a’ —3a’b+3ab’> - b’

(a+b) =a’ +3a’b+3ab’ +b’

(a—b)' =a’ —4a’b+6a’b’ —4ab’ + b*
(a+b)' =a* +4a’b+6a’b’ +4ab’ + b’
Binomial Formula

(a+b)' ="Cja" + "C,a" 'b+"C,a"’b* +...+ "C__ab""' + "C,b",

n! . . .
where "C, =——— are the binomial coefficients.

k!(n—k)
(a+b+c) =a’+b’>+c* +2ab+2ac+2bc

(a+b+c+...+u+v)f=a’+b>+7+. +u’+v +
+2(ab+ac+...+au+av+bc+...+bu+bv+...+uv)

13
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2.3 Powers

82.

83.

84.

85.

86.

87.

88.

89.

90.

Bases (positive real numbers): a, b
Powers (rational numbers): n, m

aman =am+n
m
an :am—n
a
(ab)" =a™b"™
a)’ a"
(bj b™
(am :amn
0
a =1,a=#0
a'=1
1
—m
a - m
a
m
am =%a"™

14
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2.4 Roots

91.

92.

93.

94.

95.

96.

97.

98.

99.

Bases: a, b
Powers (rational numbers): n, m
a,b>0 for evenroots (n=2k, keN)

Ja_%a

= ,b#0
b b

a)" =a

100. (¥a)" =¥a"

15



CHAPTER 2. ALGEBRA

101 = ,az0.
a  a
102 a+\/gz\/a+\/a2—b +\/a—\/a2—b
- 2 B 2
103, L __Ya¥b
) \/;i\/g a—b

2.5 Logarithms

Positive real numbers: x,y, a, ¢, k
Natural number: n

104. Definition of Logarithm
y=Ilog, x ifand onlyif x=a’, a>0, a=1.

105. log,1=0

106. log,a=1

—oo ifa>1
107. logaO:{ )
+oo ifa<l

108. log, (xy) =log, x+log,y

109. log, X log, x—log,y
Y

16
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111.

112.

113.

114.

115.

116.

117.

118.

CHAPTER 2. ALGEBRA

log, (x“ ): nlog, x

log, vx = lloga X
n

log, x=

log, c=

1
x=a®

lOg_CX:]ogCX-logaC; c>0, c#1.

log a

1

log

X

ca

Logarithm to Base 10
log,, x =log x

Natural Logarithm
log.x=Inx,

k—o

k
where e= lim(l+%) =2.718281828...

log x = ! In x =0.434294 In x
In10
1
Inx= log x =2.302585 log x
log e

17
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2.6 Equations

Real numbers: a, b, ¢, p,q, u, v
Solutions: x,, X,, V,, V,> ¥,

119. Linear Equation in One Variable

ax+b=0, x:—k.
a

120. Quadratic Equation

—-b++/b*—4ac

2a

ax’ +bx+c¢=0, x,, =

121. Discriminant
D=Db*-4ac

122. Viete’s Formulas
If x> +px+q=0, then
{xl +X,=-p

XX, =q

123. ax’+bx=0, x,=0, XZ:_E
a

124. ax’+c=0, x,, =i1f—£ .
a

125. Cubic Equation. Cardano’s Formula.
y' +py+q=0,

18



Y, =u+v,y,; :—%(u+v)i73(u+v)i,

where

CHAPTER 2. ALGEBRA

g

2

2.7 Inequalities

Variables: x, y, z

Real numbers: {

a,b,c,d

a,,a,,a;,...,a,

Determinants: D, D_, Dy , D,

 DECRS S

>, 1, N

126. Inequalities, Interval Notations and Graphs

Inequality | Interval Notation Graph
a<x<b [a,b] o o s
a b
a<x<b (a, b] o . - X
a b
<x<b ,b o >
a<x [a,b) - 7 X
a<x<b (a,b) o - X
a b
—0<x<b, | (~oo,b] = - X
x<b b
~w0<x<b, | (~ow,b) - X
x<b b
as<x<ow, [a,oo) o X
X>a 4
a<x<w, | (a,o) o X
X>a 4

19




CHAPTER 2. ALGEBRA

127. If a>b,then b<a.

128. If a>b,then a—b>0 or b—a<0.
129. If a>b,then a+c>b+c.

130. Ifa>b,then a—c>b-c.

131. Ifa>b and c>d,then a+c>b+d.
132. Ifa>b and c¢>d,then a—-d>b-c.

133. If a>b and m >0, then ma >mb.

134. Ifa>b and m>0, then &> 2 .
m m

135. If a>b and m<0, then ma <mb.

136. Ifa>b and m<0, then > <2 .
m m

137. If 0<a<b and n>0, then a" <b".
138. If 0<a<b and n<0, then a" >b".

139. If 0<a<b,then ¥a<%b.

140. \/Esa;b,

where a>0 , b>0; an equality is valid only if a=b.

141. a +12 2, where a>0; an equality takes place only at a=1.
a

20
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142. zjaja,...a < L, where a ,a,,...,a, >0.
n
b
143. If ax+b>0 and a>0, then x>——.
a
b
144. If ax+b>0 and a<0, then x<——.
a
145. ax’+bx+c>0
a>0 a<0
\ / Xy X3 £
D>0 X
xi\_/XZ
X<X,, X>X, X, <X<X,
X1=X2 %
D=0
X1=X2 X
X, <X, X>X, xed
X
D<0
X
—0<X <00 Xe@

21




CHAPTER 2. ALGEBRA

146. |a+b|<|a)+ b
147. If |x|<a,then —a<x<a,where a>0.

148. If|x|>a,thenx<—a and x >a, where a>0.
149. Ifx2<a,then|x|< a,where a>0.

150. If x*>a, then |x|> a ,where a>0.

f(x)-g(x)>0 .

151. If@>0,then {
g(x)=0

g(x)

f(x)-glx)<0.

152. ix)<0 ,then{
g(x)#0

g(x)

2.8 Compound Interest Formulas

Future value: A

Initial deposit: C

Annual rate of interest: r

Number of years invested: t

Number of times compounded per year: n

153. General Compound Interest Formula

nt
A= C(HLJ
n

22



154.

155.

CHAPTER 2. ALGEBRA

Simplified Compound Interest Formula
If interest is compounded once per year, then the previous
formula simplifies to:

A=C(l+r).

Continuous Compound Interest
If interest is compounded continually (n — o0 ), then

A=Ce".

23



Chapter 3
Geometry

3.1 Right Triangle

Legs of a right triangle: a, b
Hypotenuse: ¢
Altitude: h

Medians: m_, m,, m

Angles: o, f3

Radius of circumscribed circle: R
Radius of inscribed circle: r
Area: S

Figure 8.

156. a+B=90°

24



157.

158.

159.

160.

161.

162.

163.

164.

CHAPTER 3. GEOMETRY
. a
sin oo =—=cos 3
c
cosa=—=sinf}
c
a
tan o =—=cotf}
b
b
cotao=—=tanf
a
C
sec :E:cosecB

c
coseco =—=secf}
a

Pythagorean Theorem
a’+b’=¢’
a’=fc, b’ =gc,

where f and c are projections of the legs a and b, respec-
tively, onto the hypotenuse c.

h b
f 1 g
C

Figure 9.

25



165.

166.

167.

168.

169.

170.

CHAPTER 3. GEOMETRY

h’ =fg,
where h is the altitude from the right angle.
a®> b’

2 2 2
m,=b"-——, m;=a"——,
4

where m, and m, are the medians to the legs a and b.

c/2 R

Figure 10.

R=£=mC
2
r_a+b—c_ ab
2 a+b+c
ab=ch

26



CHAPTER 3. GEOMETRY

3.2 Isosceles Triangle

Base: a

Legs: b

Base angle: 3

Vertex angle: o
Altitude to the base: h
Perimeter: L

Area: S

Figure 11.

o
172. B=90°——
g 2

2

173. h’=p*-L
4

27



CHAPTER 3. GEOMETRY

174. L=a+2b

2
175. Szézb—sina
2 2

3.3 Equilateral Triangle

Side of a equilateral triangle: a
Altitude: h

Radius of circumscribed circle: R
Radius of inscribed circle: r
Perimeter: L

Area: S

60°

[
a
Figure 12.

176. h=2Y>

28
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178.

179.

180.

CHAPTER 3. GEOMETRY

1
r:—h: =B
3 2
L=3a
g_ah_a'3
2 4

3.4 Scalene Triangle

(A triangle with no two sides equal)

Sides of a triangle: a, b, ¢
a+b+c

2
Angles of a triangle: o, 3,y

Altitudes to the sidesa, b, c: h_,h,,h_
Medians to the sidesa, b, c: m_, m,, m_

Semiperimeter: p =

Bisectors of the angles o, 3,y: t,, t,,t,

Radius of circumscribed circle: R
Radius of inscribed circle: r
Area: S

29



181.

182.

183.

184.

CHAPTER 3. GEOMETRY

Figure 13.

o+pB+y=180°

at+b>c,
b+c>a,
atc>b.
h—w<c,
b—q<a,
h—d<b.

Midline

=2 q|a
q 2:q .

a

Figure 14.

30



185.

186.

187.

188.

189.

190.

CHAPTER 3. GEOMETRY

Law of Cosines
a’=b*+c*—2bccosa,
b* =a’ + ¢’ —2accos B,

c=a’+b’—2abcosy.

Law of Sines

b
2= 2 - R,
sino  sinf3 siny

where R is the radius of the circumscribed circle.

Ro_ 2 _ b ¢ bc ac ab abc
2sina 2sinf 2siny 2h, 2h, 2h_ 4§

C

»_(p—a)p-b)p-¢)

r = 5

P
1111
e,
r h, h, h
in2_ [(P=blp—c)
bc
cos —= plp-a ,
bc
an®_ [(=blp—c)
p(p—a)

h, =§x/p(p—a)(p—b)(p—6),
hb=%¢p(p—a)(p—b)(p—C),

h, =%Jp(p—a)(p—b)(p—6) :

31



CHAPTER 3. GEOMETRY

191. h, =bsiny=csinf,
h, =asiny=csina,

h_=asinB=bsina.

2, 2 2
, b°+¢" a

192. m; = -,
2 4
, a’+c” b’
m, = -,
2 4
, a’+b* &
m. = -
2 4

Figure 15.

193. AMzgma, BMz%mb, CMz%mC (Fig.15).

104, = 2bplp—2)

! (b + c)2
¢ = 4acp(p—b) ’
(a+c)
¢ = 4abp(p - C) .
¢ (a + b)2
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195. S ah, bh, ch, ’
2 2 2
S:absiny :acsinB :bcsin(x ’

2 2 2
S=./p(p—a)p-b)p-c) (Heron’s Formula),
S=pr,

4R’
S=2R’sin o sin B siny,

B. v

2 a
S=p° tan—tan —tan—.
2 2 2

3.5 Square

Side of a square: a

Diagonal: d

Radius of circumscribed circle: R
Radius of inscribed circle: r
Perimeter: L

Area: S

—

Figure 16.
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197.

198.

199.

200.

CHAPTER 3. GEOMETRY

d:a\/i
pod_av2
2 2
a
r=—
2
L=4a
S=a’

3.6 Rectangle

201.

Sides of a rectangle: a, b
Diagonal: d

Radius of circumscribed circle: R
Perimeter: L

Area: S

a

Figure 17.

d=+a’+b’?

34



CHAPTER 3. GEOMETRY

202, R:g
2

203. L=2(a+b)

204. S=ab

3.7 Parallelogram

Sides of a parallelogram: a, b
Diagonals: d,,d,

Consecutive angles: o, 3

Angle between the diagonals: ¢

Altitude: h
Perimeter: L
Area: S

Figure 18.

205. o+p=180°

206. d’+d2=2(a*+b?)
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207. h=bsina=bsinp
208. L=2(a+b)

209. S=ah=absino,

S:%dld2 sing.

3.8 Rhombus

Side of a rhombus: a
Diagonals: d,,d,
Consecutive angles: o, 3
Altitude: H

Radius of inscribed circle: r
Perimeter: L

Area: S

Figure 19.
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210. (1+B=1800

211. df+d§:4a2

212. h=asina:ﬂ
2a
213. r:E:dldzzaSin(x
2 4a 2
214. L=4a

215. S=ah=a’sina,
1
S:Edldz'

3.9 Trapezoid

Bases of a trapezoid: a, b
Midline: q

Altitude: h

Area: S
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b
h
q
—
a
Figure 20.
216. q=21P
2
217. $=**P.p_an
2
3.10 Isosceles Trapezoid
Bases of a trapezoid: a, b
Leg: c
Midline: q
Altitude: h
Diagonal: d
Radius of circumscribed circle: R
Area: S
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Figure 21.

218. q=

219. d=+ab+¢?

220. h=,/c*-~(b-a)

cvab+¢?

221 R= J@2c—a+b)2c+a-b)

222. s=2*P

-h=qh
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3.11 Isosceles Trapezoid with
Inscribed Circle

Bases of a trapezoid: a, b

Leg: ¢

Midline: q

Altitude: h

Diagonal: d

Radius of inscribed circle: R
Radius of circumscribed circle: r
Perimeter: L

Area: S

Figure 22,

223. a+b=2c

224, qza;bzc

225. d’=h’+¢’
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226.

227.

228.

229,

r= =
2

E ab
2

cd cd
2h 4r

L=2(a+b)=

CHAPTER 3. GEOMETRY

ISR

S:a+b.h:(a+|)2Nab =qh:ch:%

a+b

/32
a

3.12 Trapezoid with Inscribed Circle

Bases of a trapezoid: a, b
Lateral sides: ¢, d

Midline: q
Altitude: h

Diagonals: d,,d,
Angle between the diagonals: ¢

Radius of inscribed circle: r
Radius of circumscribed circle: R

Perimeter: L
Area: S

41



CHAPTER 3. GEOMETRY

Figure 23.

230. a+b=c+d

231. Cl:a—;-b:c-lz-d

232. L=2(a+b)=2(c+d)

a+b.h:c+d'
2 2

233. S= h:qh)

S:%dld2 sing.

3.13 Kite

Sides of a kite: a, b
Diagonals: d,,d,
Angles: o, 3,y

Perimeter: L
Area: S
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Figure 24.

234. o+p+2y=360°
235. L=2(a+b)

236. S= dd,

3.14 Cyclic Quadrilateral

Sides of a quadrilateral: a, b, ¢, d
Diagonals: d,,d,

Angle between the diagonals: ¢
Internal angles: o, 3,7y, 0

Radius of circumscribed circle: R
Perimeter: L

Semiperimeter: p

Area: S
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238.

239.

240.

241,

CHAPTER 3. GEOMETRY

b,
'&4

oa+y=B+35=180°

Ptolemy’s Theorem
ac+bd=dd,

L=a+b+c+d

3

Figure 25.

4

L
where p= 3

S=%d1dz sin @,

1 [(ac+bd)ad+bc)(ab+cd)
‘ \/(p—a)(p—b)(P—C)(p—d) ’

s=(p—a)p-b)p

L
where p= 3

~c)p-d),
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3.15 Tangential Quadrilateral

Sides of a quadrilateral: a, b, ¢, d
Diagonals: d,,d,

Angle between the diagonals: ¢
Radius of inscribed circle: r
Perimeter: L

Semiperimeter: p
Area: S

Figure 26.

242. a+c=b+d

243. L=a+b+c+d=2(a+c)=2(b+d)

J&d2 —(a-bf(a+b-py
r:
2p

244,

>

L
where p=—.
P 2
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245. S=pr :%dldz sin @

3.16 General Quadrilateral

Sides of a quadrilateral: a, b, ¢, d
Diagonals: d,, d,

Angle between the diagonals: ¢
Internal angles: o, 3,7, 0

Perimeter: L
Area: S

Figure 27.

246. o +P+y+3=360°

247. L=a+b+c+d
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248. S- %dldz sin @

3.17 Regular Hexagon

Side: a

Internal angle: a

Slant height: m

Radius of inscribed circle: r
Radius of circumscribed circle: R
Perimeter: L

Semiperimeter: p

Area: S
249, o =120°
250. rzmzﬁ
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251. R=a
252. L=6a
2
253. S:pr:asﬁ,
2
L
h =—.
where p=-

3.18 Regular Polygon

Side: a

Number of sides: n

Internal angle: o

Slant height: m

Radius of inscribed circle: r
Radius of circumscribed circle: R
Perimeter: L

Semiperimeter: p

Area: S
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a
Figure 29.
254. o=""2 180°
255. =272 18¢0°
256, R=—"
2sin—
n
a a’
257. r=m-= =, |R*——
2tan— 4
n
258. L=na
2
259. S:nR sinz—n,
n

2

/ a
S=pr=p,/R* ——,

pr=p 4
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L
where p= 3

3.19 Circle

Radius: R

Diameter: d

Chord: a

Secant segments: e, f
Tangent segment: g
Central angle: o
Inscribed angle: 3
Perimeter: L

Area: S

260. a=2Rsin%

Figure 30.
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b,
a, a,
@

Figure 31.

261. aa,=bpb,

Figure 32.

263. g =ff
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Figure 33.

AW

o

264. p="

d

Figure 34.

265. L=2nR=mnd

266. S—xr:- 4 _IR
4 2

52



CHAPTER 3. GEOMETRY

3.20 Sector of a Circle

Radius of a circle: R
Arclength: s

Central angle (in radians): x
Central angle (in degrees): o
Perimeter: L

Area: S
Figure 35.

267. s=Rx
268. 5= "¢

180°
269. L=s+2R

2 2

270. S:&:RX R o
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3.21 Segment of a Circle

Radius of a circle: R
Arclength: s

Chord: a

Central angle (in radians): x
Central angle (in degrees): o
Height of the segment: h
Perimeter: L

Area: S

Figure 36.

271. a=2+/2hR-h>
272. h:R—%\/4R2—a2 h<R

273. L=s+a
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2 2
274, S:l[sR—a(R—h)]:R—( ar —sinocj:R—(x—sinx),
2 2 \180° 2

Szzha.
3

3.22 Cube

Edge: a

Diagonal: d

Radius of inscribed sphere: r
Radius of circumscribed sphere: r
Surface area: S

Volume: V
l\\
B
| o8 a
|
B
8l a
a
Figure 37.
275. d=a3
276. r=2
2
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a3

277. R=——
2

278. S=6a’

279. vV=a’

3.23 Rectangular Parallelepiped

Edges: a, b, c
Diagonal: d
Surface area: S
Volume: V
|
|
-
|
| \
- G :\‘_\_ e
> S b
a
Figure 38.

280. d=+a’+b*+c?
281. S=2(ab+ac+bc)

282. V =abc
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3.24 Prism

Lateral edge: 1
Height: h
Lateral area: S,
Area of base: S,

Total surface area: S
Volume: V

| N/ = h
33,5/'”- -fflf!ﬂﬂi
g “-lag
a,
4
a
Figure 39.

283. S=S, +2S,.

284. Lateral Area of a Right Prism
S, =(a,+a,+a,+...+a, )l

285. Lateral Area of an Oblique Prism

S, =pl,
where p is the perimeter of the cross section.

57



CHAPTER 3. GEOMETRY

286. V=S,h

287. Cavalieri's Principle
Given two solids included between parallel planes. If every

plane cross section parallel to the given planes has the same
area in both solids, then the volumes of the solids are equal.

3.25 Regular Tetrahedron

Triangle side length: a
Height: h
Area of base: S,

Surface area: S
Volume: V

a

Figure 40.

288. hz\/ga
3
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2
289. sB=*/gal
4
290. S=+/3a
1 3
291, V=-S§ h=—_,
3% 62

3.26 Regular Pyramid

Side of base: a

Lateral edge: b

Height: h

Slant height: m

Number of sides: n

Semiperimeter of base: p

Radius of inscribed sphere of base: r
Area of base: S,

Lateral surface area: S;

Total surface area: S
Volume: V
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293.

294,

295.

296.

297,

CHAPTER 3. GEOMETRY

a

Figure 41.
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3.27 Frustum of a Regular Pyramid

a,,a,,a;,...,a,

Base and top side lengths:
b,,b,,b,,...,b,

Height: h

Slant height: m

Area of bases: S,, S,
Lateral surface area: S,

Perimeter of bases: P,, P,

Scale factor: k
Total surface area: S
Volume: V
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300.

301.

302.

303.

CHAPTER 3. GEOMETRY

+E+[EJZ}:§[1+k+kZ]
a 3

a

3.28 Rectangular Right Wedge

Sides of base: a, b

Top edge: c

Height: h

Lateral surface area: S;
Area of base: S,

Total surface area: S
Volume: V
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Figure 43.

304. S, = %(a +cW4h> +b2 +by/h’ +(a—c)

305. S;=ab

306. S=S,+S,

307. V= %(Za + c)

3.29 Platonic Solids

Edge: a

Radius of inscribed circle: r
Radius of circumscribed circle: R
Surface area: S

Volume: V
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308. Five Platonic Solids

The platonic solids are convex polyhedra with equivalent
faces composed of congruent convex regular polygons.

Solid Number Number Number Section
of Vertices | of Edges of Faces
Tetrahedron 4 6 4 3.25
Cube 8 12 6 3.22
Octahedron 6 12 8 3.27
Icosahedron 12 30 20 3.27
Dodecahedron 20 30 12 3.27
Octahedron

Figure 44.
309. r:ﬁ
6
310. R:#
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311. S=2a%/3

a’\2

3

312. V=

Icosahedron

Figure 45.

313 r:M

12

314. R=%\/2‘5+\/§i
315. S=5a%/3

316. V:M

12

65



CHAPTER 3. GEOMETRY

Dodecahedron

Figure 46.

317, 1r=a«/10i25+11\/§i
2
318 R:ﬁ”_‘/g)
) 4

319. S=3a2/5(5+245)
3
320. V= ﬂlsi—%/g)

3.30 Right Circular Cylinder

Radius of base: R
Diameter of base: d

66



CHAPTER 3. GEOMETRY

Height: H
Lateral surface area: S;
Area of base: S,

Total surface area: S
Volume: V

Figure 47.

321. S, =2nRH
322. S=S, +2S, =2nR(H+R)= nd(H+gj

323. V=S,H=nR’H
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3.31 Right Circular Cylinder with
an Oblique Plane Face

Radius of base: R
The greatest height of a side: h,

The shortest height of a side: h,
Lateral surface area: S,
Area of plane end faces: S,

Total surface area: S
Volume: V

Figure 48.

324. S, =nR(h, +h,)

2
325. S, =R’ +TER\/R2 +(h1 ;hzj
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, (h,-h,Y
326. S=S,+S;=nR/ h,+h, +R+_[R"+ 5

RZ
TCZ (hl + h2)

327. V=

3.32 Right Circular Cone

Radius of base: R
Diameter of base: d
Height: H

Slant height: m

Lateral surface area: S;
Area of base: S,

Total surface area: S
Volume: V

Figure 49.
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328. H=+m’-R’

329. S, =nmRm=

330. S, =nR’

331. S=S,+§; =nR(m+R)=%nd(m+%]

332, V=_S,H-1nR°H
3 3

3.33 Frustum of a Right Circular Cone

Radius of bases: R, r
Height: H

Slant height: m

Scale factor: k

Area of bases: S,, S,
Lateral surface area: S;

Total surface area: S
Volume: V
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334.

335.

336.

337.

338.

339.
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w

2 :R—szz

s
S, =mm(R+r)

$=S§,+S,+S, :n[R2+r2+m(R+r)]

V=2(s1 +4/88, +5,)

2
V=%{1+B+(Bj }=%[1+k+k2]

r r
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3.34 Sphere

Radius: R
Diameter: d
Surface area: S
Volume: V

Figure 51.

340. S=4nR’

341. V=2R'H="Lnd®=LsR
3 6 3

3.35 Spherical Cap

Radius of sphere: R
Radius of base: r

Height: h

Area of plane face: S,
Area of spherical cap: S

Total surface area: S
Volume: V
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Figure 52.
2 2
342, p=1h
2h
343. S, =mur’

344, S, =n(h’+1?)

345. S=8,+S, =n(h?+2r?)=n(2Rh+r?)

346. V=gh2(3R—h)=%h(3r2+h2)

3.36 Spherical Sector

Radius of sphere: R

Radius of base of spherical cap: r
Height: h

Total surface area: S

Volume: V
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Figure 53.

347. S=nR(2h+r)
2 o2
348. V=§TL'R h

Note: The given formulas are correct both for “open” and
“closed” spherical sector.

3.37 Spherical Segment

Radius of sphere: R
Radius of bases: r,, 1,

Height: h
Area of spherical surface: S
Area of plane end faces: S, S,

Total surface area: S
Volume: V
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350.

351.
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h
I
e NI
£ \_h_h_h | P
AR
| o
Figure 54.

S, =2nRh

S=S,+S,+S, =n(2Rh+1} +17)

V= %nh(.’)rf +3r1] + hz)

3.38 Spherical Wedge

Radius: R

Dihedral angle in degrees: x
Dihedral angle in radians: o
Area of spherical lune: S;

Total surface area: S
Volume: V
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\
Figure 55.
2
352, 5, =R 4 —2R%x
90
2
353. S=nR*+ o =7R* +2R*x
3
354, V=" o= 2Rx
270 3
3.39 Ellipsoid

Semi-axes: a, b, ¢
Volume: V

76



CHAPTER 3. GEOMETRY

Figure 56.

355. V= %nabc

Prolate Spheroid

Semi-axes: a,b,b(a>Db)
Surface area: S
Volume: V

356. sn(b_j

€

2 2
va‘-b
where e = .
a

357. v =§nb2a
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Oblate Spheroid

Semi-axes: a,b,b (a<b)
Surface area: S
Volume: V

) (bej
aarcsinh| —
358. S=2mb| b+ a
be/a

>

\Jb*—a’

where e=

359. V =§nb2a

3.40 Circular Torus

Major radius: R
Minor radius: r
Surface area: S
Volume: V
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Picture 57.

360. S=4n’Rr

361. V=21"Rr’
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Chapter 4

Trigonometry

Angles: o, B

Real numbers (coordinates of a point): x, y

Whole number: k

4.1 Radian and Degree Measures of Angles

362.

363.

364.

365.

366.

o

1 rad= 180
T

~57°17'45"

1°=—" rad~0.017453 rad

180

1'=— " rad ~0.000291 rad

~180-60

1"=— " +ad~0.000005 rad
180-3600
Angle 1 01 301 45 | 60 | 90 | 180 | 270 | 360
(degrees)
Angle | |\ m x| m | ® 3,
(radians) 6 4 3 2 T 2 T
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4.2 Definitions and Graphs of Trigonometric
Functions

.'/ /<(1 i ‘ y =\"'|8m o
| ¢ i | X

Figure 58.

367. sino= y

r
368. cosa= X

r
369. tana=-

X
370. coto= X

y
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371. secoc:£

>

372. coseca= r
y

373. Sine Function
y=sinx, —1<sinx<1.

y

y = 8in x

Figure 59.

374. Cosine Function
y=cosx, —1<cosx<1.
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Figure 60.

375. Tangent Function

y=tanx, X¢(2k+1)§, —oo<tanx < oo,

y =tanx

N

Figure 61.

83
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376. Cotangent Function
y=cotx, x#kn, —co<cotx<o.

y

Figure 62.
377. Secant Function

y =secXx, x¢(2k+1)§.
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Figure 63.

378. Cosecant Function

cosecx, x#km.

y:

cosec X

y:

Figure 64.
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4.3. Signs of Trigonometric Functions

379. Sin | Cos | Tan | Cot | Sec | Cosec
Quadrant
o o o a o o
I + + + + + +
II + +
111 + +
1\Y + +
380.
y y
¥ cos o, tan o
sec o, cof o

_ oseca / \ / \

AR |

Figure 65.
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4.4 Trigonometric Functions of Common
Angles

381.

o | arad sin o COS O tan o cota sec o cosec o
0 0 0 1 0 o0 1 00
T 1 V3 1 2
30~ >l = | = 3| &= 2
6 2 2 V3 3 NE)
45 T Q ﬁ 1 1 V2 J2
4 2 2
T V3 1 1 2
60 — == — — 2 —
3 2 2 V3 V3 NE)
90 g 1 0 o 0 o 1
2m V3 1 1 2
120 | — - —— — -——= -2 —
3 2 2 V3 V3 NE)
180 T 0 -1 0 00 -1 0
3
270 7“ 1 0 - 0 - -1
360 21 0 1 0 0 1 00
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382.
o° arad sin o cos o tan o cot o
12 4 4
5| T V5-1 | J10+245 \/5—2\/5 51205
10 4 4 5
J5+1
6| T 10-245 | 5+1 | 410-25 NG
5 4 4 V5+1 10245
3m V5+1 10—245 | _5+1 10-2y5
54 | = NG
10 4 4 J10-245
5-245
21 10+2+/5 5-1
72| = [ M0F295 1 A 54245
5 4 4 Vs 5
5 _
75 % */EZ*E */84*/5 2443 | 2-43

4.5 Most Important Formulas

383.
384.

385.

386.

sin* o+ cos*a=1

sec’a—tan’ =1

csc’a—cot’a=1

tan o =

sin o

cos a
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387. cota= cosa

sin o

388. tano-cota=1

1
389. seca=
cos o,
1
390. coseco=—
sin o

4.6 Reduction Formulas

391. B sin 3 cos tan 3 cotB

—q —sin o +cosa —tan o —cota

90°—¢ | +tcoso | +sina +cota | +tana

90°+q | +cosa | —sina —cota —tan o
180°—¢ | +sino | —cosa | —tano | —cota
180°+¢ | —sina | —cosa | +tano | +cota
270°—q, | —cosa —sina +cota | +tana
270°4+q | —cosa | +sina —cota | —tana
360°—0o | —sina +cosa —tana —cota

360° + +sin o +cos o +tan o +cota
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4.7 Periodicity of Trigonometric Functions

392. sin(a + Znn): sin oL, period 21 or 360°.
393. cos(oc + 21tn) =cos o, period 21 or 360°.
394. tan(o+7n)=tan o, period T or 180°.

395. cot(ou+7n)=cota, period T or 180°.

4.8 Relations between Trigonometric
Functions

1
396. sina=1v1-cos’a ZiJE(l—COSZOL) :2cosz(%—§j -1
a

2tan—
_ 2
1+tan2g
2
1
397. cosa=1+y1-sin’a =i1/5(1+ cos 20t) =2cosz%—1
1—tan’ @
_ 2
1+ tan? &
2
308. tano = sina —tfsect 1= sin 20, _ 1—.c0320c
cosa 1+ cos2a sin 2¢,
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2tan &
4 /I—COSZOL_ an2
“V1+cos2a o

1+ tan®> —
2
399 Cota:Cf)SOL:i CSC20L_1:1+.c0520L: sin2o
sin o sin 2o 1—cos2a
za
L [1+ cos 20 =1 tan 2
1—cos2a 2tang
2
1 1+tan> %
400. seco = =+yl1+tan’ o = 2
cos Q. , O
1-tan” —
2
1 l—i-tanZg
401. csca=— —+Jl+cot’o=— 2
sin o o
2tan5

4.9 Addition and Subtraction Formulas

402. sin(a +PB)=sinocosP +sinfcosa
403. sin oc—y):sinoccosﬁ—sinBcosa
404. cos(oc +B)=cosacosP —sinasinf3

)
405. cos(o.—B)=cosocosP+sinasinf
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tano +tan
tan(o.+B)= tano.+tanp.
1-tanatanf3

tana —tan
tan( ) - me~tanp
1+tanotanf
1—-tanatan
cot(oc + B) = —B
tano + tanf3
1+ tanoatan
cot(oc -B)= —B

tano —tanf3

4.10 Double Angle Formulas

410.

411.

412,

413.

sin 20, =2sin o - COS O
2 o 2 o 2 2
cos2o.=cos"oo—sin“"ao=1-2sin“o.=2cos" a—1

2tan o 2
tan 20 = =

1-tan’0.  coto—tan o

cot’a—1 coto—tan o
cot2a = =
2cot o 2
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4.11 Multiple Angle Formulas

414,

415.

416.

417.

418.

419.

420.

421.

422,

423.

424,

sin 300 =3sin o —4sin’ o, =3cos’ o - sin o —sin’ o

sin 40, =4sin o - cos o —8sin’ .- cos o

sin 500 = 5sin o — 20sin’ o + 16sin’ o

cos 30 =4cos’ o.—3cos oL = cos’ oL —3cos o, - sin” o,

cos 40, =8cos* oo —8cos’ o +1

cos 500 =16¢cos’ o0 —20cos’ o+ 5cosa

3tan oL —tan’ o
1-3tan’ o

tan 3o =

4tan o —4tan’ o
tan 4o =

1-6tan’ o + tan® o

tan’ oo —10tan’ oo+ 5tan o
1-10tan® oo +5tan* o

tan 5o =

cot’ o —3cot o
3cot’a—1

cot3o =

1-6tan’ o+ tan® o
cotdo =

4tan o —4tan’ o
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1-10tan’ o+ 5tan’ o
tan’ oo —10tan’ o+ 5tan o

425. cot5a=

4.12 Half Angle Formulas

] 1-
426. smg:i cosa
2 2
1+
427. cosEZW_L cosa
2 2
1- i 1-
428. tanZ =+ cosa _ _sma _Cosa:csccx—cotoc
2 I+cosa 1+cosa sin o

o 1+ cos o sin o 1+ cosa
429. cot—=+= = =— =csc o+ cot o
2 l1-cosa 1-cosa sin o

4.13 Half Angle Tangent Identities

o
2tan—
430. sina= Za
1+tan”>—

2
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1—tanZg

431. cosoa= é
1+tan® =

2

2tang

432. tano= 20L
1—tan®>—

2

1—tanZg

433. coto=— 2
o

2tan—

2

4.14 Transforming of Trigonometric
Expressions to Product

434, sinoc+sin[3=25in()L——i_BcosOL—_B
2 2
+ -
435. sina—sinB:2cosa BsinOL—B
2 2
+ —
436. cos0L+cos[3=2cosOL—BcosOL—B
2 2
+ j—
437. cosoc—cosB:—ZSinOLzBsinOLTB
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440.

441,

442.

443,

444,

445,

446.

447.

CHAPTER 4. TRIGONOMETRY

sin(o +
tana+tanB:J
cosa-cosf3
sin(a —
tana—tanBZM
cos o - cos 3
sin(B+a
cota+c0tﬁzﬁ
sin o, - sin 3
sin(f—a
cota—cotﬁzw
sin o - sin 3

cos o +sin o =+/2 cos(%—aj = \/Esin(%+aj

cos oL —sin oL = 25in(g—aj = ﬁcos(g—k ocj

cos(o —
tanoc+c0t[3=(—.B)
cos o -sin 3
cos(a +
tana—cotB:—(—.B)
cosa-sin 3

o
1+cosa :2coszz

., 0
1—cosoc=231n23
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. T o
1+ sin o =2cos’| ———
4 2

1—sina=23in2(£—gj
4 2

4.15 Transforming of Trigonometric
Expressions to Sum

450.

451.

452,

453.

454,

455.

cos(o.—B)—cos(o.+B)

sino -sin 3=
b 2
cos(o —B)+ cos(a +
cosa.-cosP= ( B) ( B)
2
. sin(o. —f3 )+ sin(a +
sina-cos = ( B) ( B)
2
tan o+ tan 3
tano-tanf=———77—
cota+cot 3
cot o+ cot B
cota-cotf=—-—-—7"-
tan o +tan 3
tan o + cot
tanOL-cotﬁz—B
cota +tan 3
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4.16 Powers of Trigonometric Functions

456. sin’o =L S082%
2
457. sinSa:M
4
458. sin‘o = cos4o—4cos220.+3
8
459. sin’ o = 10sin o — 5sin 30, + sin 50
16
460. sin® o 101508 20.+6¢os 4o —cos 60
32
461. cos?o = 1708 2%
2
462. cos® o = 208G FCos3a
4
463. C054()(:cos4oc—|—4c0520L-|-3
8
464. cos® o — 10€0s O+ 5sin 3+ cos 5o

16

465. cos®o = 10+15cos 20 +362cos 40,4+ cos 60
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4.17 Graphs of Inverse Trigonometric
Functions

466. Inverse Sine Function

. T ) T
y =arcsinx, —1<x<1, —Eéarcsmxsg.

Figure 66.

467. Inverse Cosine Function
y =arccosx, —1<x<1, 0<arccosx <m.

99



CHAPTER 4. TRIGONOMETRY

y = arccos x

Figure 67.

468. Inverse Tangent Function

o o
y =arctanx, —o0<x <00, —E<arctanx<z.

T
2 y = arctan x

N2

Figure 68.
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469. Inverse Cotangent Function
y =arccotx, —o0<x<00, 0<arccotx<m.

y
______________ o
y = arccot x
s
2
0 X
Figure 69.
470. Inverse Secant Function
Yy =arcsecx, XE(—OO,—I]U[I,OO), arcsecxe{o,gju(g,n .
Yy
_____ T
| y = arcsec x
I
_______________ I
| T [
I 2 I
l I
I ]
l |
-1 0 1
Figure 70.
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471. Inverse Cosecant Function

y =arccscXx, X € (— 00, — l]u [l,oo), arccscx € {—g, 0) v (0, g}

y
T
2 y = arccsc X
1 0 ®
| s
2
Figure 71.

4.18 Principal Values of Inverse
Trigonometric Functions

472. ﬁ ﬁ
2 2

0 1
x 2
arcsinx | 0° 30° 45° 60° | 90°
arccosx | 90° 60° 45° 30° | 0°

1| V2| 3
X — | -2 X2
2 2 2
arcsinx | 309 _ 45° | —60° | 20
arccos x 120 135° 150° 180
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X 0 ﬁ 1 \/5 _ ﬁ —1 1 =+/3
3 3
— 459
arctanx | 0° | 30° | 45° | 60° | —30° —-60°
arccotx | 90° | 60° | 45° | 30° | 120° 135 150°

4.19 Relations between Inverse
Trigonometric Functions

474,

475.

476.

477.

478.

479.

480.

481.

arcsin(—x)=—arcsinx

. T
arcsimnx = E —arccosx

arcsinx =arccosvV1—-x*>, 0<x<1.

arcsinx = —arccosv1—-x>, —1<x<0.

arcsinx = arctan

arcsin X = arccot

arcsinx = arccot

2

X , X° <1,
\ll—x2
1_ 2
X 0<x<I.
X
1_ 2
X o, -1<x<0.
X

arccos(— X) =T —arccosx
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485.

486.

487.

488.

489.

490.

491.

492,
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T .
arccosx = E —arcsinx

arccosx =arcsinvVl—-x*>, 0<x<1.

arccosx =m—arcsinVl—-x*>, —1<x<0.

V1-x?

arccos X = arctan , 0<x<1.
X
V1-x?
arccosx =m+arctan———, —1<x<0.
X

X
arccosx =arc cot—2 ,
V1l-x

arctan(— x) =—arctanx

i
arctanx = E —arccotx

arctan x = arcsin
1
arctanx = arccos———, x=>0.

arctanx = —arccos—2 , X<0.
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o 1
493. arctanx= 5 arctan—, x>0.
X

T 1
494. arctanx= _E —arctan—, x<0.
X

1
495. arctanx=arccot—, x>0.
X

1
496. arctanx=arccot——7, x<0.
X

497. arccot(—x)=m—arccotx

T
498. arccotx= E —arctanx

. 1
499. arccotx=arcsm—2, x>0.

1+x
. 1
500. arccotx=m—arcsin——, x<0.
1+x°
501. arccotx =arccos
1+x?

1
502. arccotx=arctan—, x>0.
X

503. arccotx=m+arctan—, x<0.
X
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4.20 Trigonometric Equations

Whole number: n

504. sinx=a, x=(-1)"arcsina+nn
505. cosx=a, x=tarccosa+2nn
506. tanx=a, x=arctana+mn

507. cotx=a, x=arccota+mn

4.21 Relations to Hyperbolic Functions

Imaginary unit: i

508. sin(ix)=isinhx

509. tan(ix)=itanhx
510. cot(ix)=—icothx
—icschx

)=
511. sec(ix)=sech x
)=

512. csc(ix
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Chapter 5
Matrices and Determinants

Matrices: A, B, C

Elements of a matrix: a;, b;, a;, b, ¢;

Determinant of a matrix: det A

Minor of an element a; : M,

Cofactor of an element a; : C;
Transpose of a matrix: A", A
Adjoint of a matrix: adj A
Trace of a matrix: tr A
Inverse of a matrix: A™'

Real number: k

Real variables: x;,

Natural numbers: m, n

5.1 Determinants

513. Second Order Determinant

a, bl

detA = =ab, —a,b,

a2 2
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514. Third Order Determinant

a a a

11 12 13

detA= A, A, a,;1=2,,2,a;;,12,,a,,3;, +3,5a,a;, —
a3 A3 Ay

Ta5;8,335, —a,,3,,35; —a,38,,35,

515. Sarrus Rule (Arrow Rule)

a4 8 3 ay 81,  Gy3
7

4 a3 851 22\ 7823

854 32 933 8y 32 a3

Figure 72.

516. N-th Order Determinant

a,; ap ay; A
a; Ay a5 am
detA =
ay; A, ... Ay ... A,
A, Ay, e 8y .. Ay
517. Minor

The minor M;; associated with the element a;; of n-th order

matrix A is the (n—1)-th order determinant derived from
the matrix A by deletion of its i-th row and j-th column.
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Cofactor
C,=(-1)"M,

y

Laplace Expansion of n-th Order Determinant
Laplace expansion by elements of the i-th row

detA = ZaijCij ,i=12,...,n.
j=1
Laplace expansion by elements of the j-th column

dce‘[A:Z:aiJ.Cij ,j=L12,..,n.
i=1

5.2 Properties of Determinants

520.

521.

522.

The value of a determinant remains unchanged if rows are
changed to columns and columns to rows.

4 bl

a, bz

 a,

b, b,

If two rows (or two columns) are interchanged, the sign of
the determinant is changed.

a, b a, b,
a, b, b

1 —_—

a

1 1

If two rows (or two columns) are identical, the value of the
determinant is zero.

a a

1 1

=0

a, a,
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523. If the elements of any row (or column) are multiplied by
a common factor, the determinant is multiplied by that

factor.
ka, kb| la, b,
a2 b2 - a2 b2

524. If the elements of any row (or column) are increased (or
decreased)by equal multiples of the corresponding elements
of any other row (or column), the value of the determinant
is unchanged.

a,+kb, b| |a, b,
a,+kb, b, la, b,
5.3 Matrices

525. Definition
An mxn matrix A is a rectangular array of elements (num-
bers or functions) with m rows and n columns.

a, a, .. a,
a a,, .. a
21 22 2

A= [ai.]= . . .
) . . .

a, a, .. a_

526. Square matrix is a matrix of order nxn.

527. A square matrix [aijJ is symmetric if a;=ay, i.e. it is

symmetric about the leading diagonal.

528. A square matrix laijJ is skew-symmetricif a; =—a;.
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Diagonal matrix is a square matrix with all elements zero
except those on the leading diagonal.

Unit matrix is a diagonal matrix in which the elements on
the leading diagonal are all unity. The unit matrix is
denoted by I.

A null matrix is one whose elements are all zero.

5.4 Operations with Matrices

532. Two matrices A and B are equal if, and only if, they are both
of the same shape mxn and corresponding elements are

533.

equal.

Two matrices A and B can be added (or subtracted) of, and
only if, they have the same shape mxn . If

A:EJz

B=[bij]=

a11

a21

Lo o P

a12

a22

m2
12

22

m?2

a

In

a,

n

o

mn

1n

o o

2n

mn
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then
a,+b, a,+b, ... a, +b,
A+B: a21 TbZI a22 TbZZ a2n +b2n
a_ +b,, a,+b_, ... a_ +b__

If kis a scalar, and A= [aijJ is a matrix, then

ka, ka, ... ka,
kA: [kaij]: ka.zl ka.zz ka.zn
ka , ka,, ... ka_

Multiplication of Two Matrices

Two matrices can be multiplied together only when the
number of columns in the first is equal to the number of
rows in the second.

If
all a12 aln
a,; a,, R

A:[aij]: : : cP
L “ml m2 amn
bll b12 blk
b, b, ... b,

Bz[bij]: : : P
_bnl bn2 . bnk
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then
i €2 Cik
C C C
21 22 2k
AB = C = . )
bml Cm2 cmk
where

n
;= ailblj + aizsz +...+ ainbnj = zambu
r=1

(i=1,2,...,m;j=12,...,k).

Thus if

b
A:[aij]:[a“ a”},Bz[bi]: b |
b

a21 a22 a23

then
aZIbl a22b2 a23b3

Transpose of a Matrix
If the rows and columns of a matrix are interchanged, then
the new matrix is called the transpose of the original matrix.

If A is the original matrix, its transpose is denoted AT or

~

A.

The matrix A is orthogonal if AA" =1.

If the matrix product AB is defined, then
(AB)' =B"A".
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Adjoint of Matrix
If A is a square nxnmatrix, its adjoint, denoted by adjA,

is the transpose of the matrix of cofactors C;; of A:

adjA=|[c, .

Trace of a Matrix
If A is a square nxnmatrix, its trace, denoted by tr A, is

defined to be the sum of the terms on the leading diagonal:
trA=a, +a,, +...+a_.

Inverse of a Matrix
If A is a square nxnmatrix with a nonsingular determinant

detA, then its inverse A™' is given by
Al adj A
detA

If the matrix product AB is defined, then
(AB)'=B'A".

If A isasquare nxn matrix, the eigenvectors X satisfy
the equation

AX =AX,

while the eigenvalues A satisfy the characteristic equation
|A-1AI|=0.

5.5 Systems of Linear Equations

Variables: x,y, z, X, X,,...
Real numbers: a,,a,,a,,b,,a,,a,,...
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Determinants: D, D_, Dy , D,
Matrices: A, B, X

544, {alx +byy=d,

a,x+b,y=d, ’
X= L (Cramer’s rule)
p’ ' D ’
where
a, b
D=|"' ‘'=ab,—-ab,,
a2 bZ
d
D = dl bl =d,b,-d,b,,
2 2
a, d
D, = a: d: =ad,—a,d,.

545. If D+#0, then the system has a single solution:
D D

X = x, :—y.
D Y D

If D=0 and D, #0(or D, #0), then the system has no

solution.
If D=D, =D, =0, then the system has infinitely many

solutions.

ax+by+cz=d,
546. <a,x+b,y+c,z=d,,
a,x+b,y+c,z=d,

X _ y _ z

X= , Yy=—>,2= > (Cramer’s rule),
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where
al bl Cl dl bl Cl
D=la, b, ¢|,D,=|d, b, ¢,
a3 b3 c3 d3 b3 c3
a, d, ¢ a, b, d,
D, =fa, d, ¢),D,=la, b, d,.
a, d. ¢ a, b, d

3 3 3 3

If D+#0, then the system has a single solution:

X Y z
p’ ' D D’
If D=0 and D, #0(or D, #0 or D, #0), then the system
has no solution.
If D=D,=D, =D, =0, then the system has infinitely

many solutions.

Matrix Form of a System of n Linear Equations in
n Unknowns
The set of linear equations

a, x,+a,x,+...+a,x, =b,

In“*n

a,Xx,+a,x,+...+a, x, =b,

a x,+a,x,+...+a_x_ =b

nn- n n

can be written in matrix form

a11 a12 aln Xl bl
ay Ay .. Ay | X, | b,
. . . . - . bl
a, a, .. a_)\x, b,
i.e.
A-X=B,
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where
all
a
21
A=|
a

CHAPTER 5. MATRICES AND DETERMINANTS

aln 1 bl
a X b
2 2 2
.n ) X= ) B= .
ann Xn bll

Solution of a Set of Linear Equations nxn

X=A".

B,

where A™' is the inverse of A.
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Chapter 6

Vectors

N
Vectors: u, v, w, r, AB, ...

—

Unit vectors: f, j> k

Null vector: 0

Coordinates of vector u:
v

X,Y
X, Y

12 Zl
Coordinates of vector »Z,
Scalars: A,p
Direction cosines: cosa, cosf3, cosy

Angle between two vectors: 0

6.1 Vector Coordinates

550. Unit Vectors
i=(1,0,0),
] (0,1,0),
k=(0,0,1),
i1=[i[=K=

551. f:AB:(x1 —XO);+(Y1 —y0)§+(zl —Zo)f(
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Figure 73.

552. |f| = ‘AB‘ = \/(Xl —Xp )2 + (Yl Yo )2 + (Z1 - Zo)2

553. If AB=r,then BA=-r.

W

Figure 74.

554. X= |f|cosa ,
Y=|f|cosB,

Z=|f|cosy.
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Figure 75.

555. If 7(X,Y,Z)=71,(X,,Y,,Z,), then
X=X,,Y=Y, ,Z=27,.

6.2 Vector Addition

556. w=u+Vv

Figure 76.
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557. w=u,+u,+u,;+...+u

Figure 78.

558. Commutative Law
u+v=v+u

559. Associative Law
(+v)+w=t+(V+w)

560. i+v=(X,+X,,Y,+Y,,Z,+Z,)
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6.3 Vector Subtraction

561. w=u-vifv+w=u.

Figure 80.

562. i-v=tu+(-V)
563. tu-i=0=(0,0,0)
564. [0=0

565. i-v=(X,-X,,Y,-Y,,Z —-Z,),

6.4 Scaling Vectors

566. w=A\u

122



CHAPTER 6. VECTORS

A<0 0 A>0
Figure 81.
567. |w|=[A-[d]
568. Atli=(AX,AY,AZ)
569. At=t\
570. (L +p)ii=Ard+pd
571. Mut)=p(rd)=(p)d

572. AMU+v)=Ad+AV

6.5 Scalar Product

573. Scalar Product of Vectors u and v
-V =[d|-[V]-cos0,

where 0 is the angle between vectors u andv.
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Figure 82.

Scalar Product in Coordinate Form
Ifi=(X,Y,Z), v=(X,,Y,,Z,), then
u-v=XX,+YY,+ZZ,.

Angle Between Two Vectors
Ifi=(X,Y,Z), v=(X,,Y,,Z,), then
XX, +YY,+ZZ,

cos0 = .
\/XIZ +Y +2Z;} \/Xzz +Y, +Z,]

Commutative Property
u-v=v-u

Associative Property
(Ai)-(uv)=hud-v

Distributive Property
i-(V+w)=t-v+i-w

cl

-v=0if u,v are orthogonal(ezg).

ﬁ-fr>0if0<6<§.
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=1

-v<0 if§<6<n.

=1}

V<[l ¥

(=1}

-\7=|ﬁ|-|\7| if U,V are parallel (6=0).

p—
-~

i=(X,,Y,Z,), then

A==l =X+ +27.

=1}

=
Il

i k-k=1

i o |
I
I

i

=l
el
Il
el
=~
Il
=~
e
Il
(=)

6.6 Vector Product

587.

Vector Product of Vectors u and v
uxv=w,where

. |W|=|ﬁ|~|ff|~sin6,where 0S9S§;

« wlu and w1 v;
« Vectors u, Vv, w form a right-handed screw.
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-
Figure 83.
i j k
588. w=uxv=|X, Y, Z,
XZ YZ Z2
Y, Z X Z| X Y
589. w=uxv=[| ' _‘,-[' 'Lt !
Y2 Z2 XZ ZZ XZ YZ

590. S=[uxV|=[d|-|[¥|-sin6 (Fig.83)

591. Angle Between Two Vectors (Fig.83)
] uxv
sin0 =

8-+

592. Noncommutative Property
ixv=—(vVxi)

593. Associative Property
(M) x (uv ) = At x v
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594. Distributive Property
ix(V+W)=tixV+uxw
595. tuxv=0 if 4 and v are parallel (6=0).
596. ixi=jxj=kxk=0
597. ixj=k, jxk=1i, kxi=j
6.7 Triple Product
598. Scalar Triple Product
[tvw]=t-(¥xw)=v-(Wxi)=w-(dxV)
599. [uvw]=[wiv]=[vwi]=—[viw]= —[wvi]=—[awv]
600. kii-(vxw)=k[uvw]
601. Scalar Triple Product in Coordinate Form
Xl Yl Zl
i-(Vxw)=X, Y, Z,|,
X3 Y3 ZS
where
ﬁz(Xl’Yl’Zl)’ i}:(Xz’Yz’Zz)’ w:(Xs’Ys’Zs)'
602. Volume of Parallelepiped

CHAPTER 6. VECTORS

V=l (Vxw)
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Figure 84.

603. Volume of Pyramid
V= é|ﬁ (Fxw)

Figure 85.

604. If u- (\7 X Vv) =0, then the vectors u, v, and w are linearly

dependent , so w=Au+uv for some scalars A and L.

605. If ii-(VxWw)#0, then the vectors i, v,and w are linearly

independent.
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606. Vector Triple Product
ix(Vxw)=(t-wv—(u-v)w
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Chapter 7
Analytic Geometry

7.1 One-Dimensional Coordinate System

Point coordinates: x,, X, X,, Vo> Y;» ¥,

Real number: A
Distance between two points: d

607. Distance Between Two Points
d:AB:|X2 —X1| :|X1 —x2|

d
A(x,) B(x,)

=X

Figure 86.

608. Dividing a Line Segment in the Ratio A

_ X tAx, k:AC Ny
® 141~ CB’
X -
A(x,) B(x,) A(x,) B(x,)
A>0 A<O
Figure 87.
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609. Midpoint of a Line Segment

X, +X
X, =——=, A=1.

7.2 Two-Dimensional Coordinate System

Point coordinates: x,, X,, X,, Y> Y15 Vs
Polar coordinates: r, @

Real number: A

Positive real numbers: a, b, ¢,
Distance between two points: d
Area: S

610. Distance Between Two Points
d:AB:\/(Xz _X1)2 + ( 2 _YI)Z

y
B(x, ¥,)
AXy ¥y)
o X
Figure 88.
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611. Dividing a Line Segment in the Ratio A

X, + X, y, + 1y,
XO = 0 =,
1+A 1+A
A= & , A#E—1.
CB
y
B(X,, ¥,)
Cxy ¥,)
AX, ¥y)
0
A>0
Figure 89.
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y
Cl% ¥p)
Bl ) -
AXy ¥y)
A<O
Figure 90.

612. Midpoint of a Line Segment

X, +X Y, ty
x,= 2y =N o

2

613. Centroid (Intersection of Medians) of a Triangle
_X XX, _YitY.tY;s
0 3 > 70 3 4
where A(x,,y,), B(x,,y,), and C(x,,y,) are vertices of

the triangle ABC.

X
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B(x, ¥,)
]

A, ¥y)

e, y)

Figure 91.

614. Incenter (Intersection of Angle Bisectors) of a Triangle
_ax, +bx, +cx, _ay, +by, +cy,

a+b+c ° a+b+c
where a=BC, b=CA, c=AB.

0

Figure 92.
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615. Circumcenter (Intersection of the Side Perpendicular
Bisectors) of a Triangle

X +y; y, 1 X, x;+y; 1
X;+y;, ¥, 1 X, X+y, 1
X;+y; ys 1 X, X;+y; 1
Xy = » Yo =
x, vy, 1 x v, 1
2ix, vy, 1 2ix, vy, 1
X; y; 1 X; y; 1
y

. B(x, ¥,)

Figure 93.
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616. Orthocenter (Intersection of Altitudes) of a Triangle

Y. X% +y; 1 X +Y,y; X, 1
Y, XX, +y; 1 X +Ysy X, 1
Vs XX, +y; 1 X +yY, X5 1
Xy = 1 > Yo = 1
Xl Yl Xl Yl
X, v, 1 X, v, 1
X; vy, |1 X; vy, 1
y

B(x, ¥)

Ax, y) <

Clx; y3)
0
Figure 94.
617. Area of a Triangle

R 1 1k, -x .-y
S=()k v, A=) (7 TP

2 2X,-% Y3V,

X; ¥ 1
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618. Area of a Quadrilateral
1
S= (i)z[(xl - Xz)(Y1 + Y2)+ (Xz —X; )(Yz + Y3)+
+(X3 _X4)(Y3 +Y4)+(X4 _Xl)(Y4 +Y1)]

¥
B(xy ¥,)

AXy, vy)

Cx, ¥5)

D(xy ¥

Figure 95.

Note: In formulas 617, 618 we choose the sign (+) or (-) so
that to get a positive answer for area.

619. Distance Between Two Points in Polar Coordinates
d=AB= \/1‘12 +1; - 2r,r, cos(p, — @, )
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3(5, )
r2 |
| i, == Al
8- | 0,
0" : X
Figure 96.

620. Converting Rectangular Coordinates to Polar Coordinates
X=rcosQ, y=rsin@.

4
A(r,9)
r/ A A(X, .V)
Al
e /\ 0 X
0 X
Figure 97.

621. Converting Polar Coordinates to Rectangular Coordinates

r=4x>+y%, tan(p:X.
X
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7.3 Straight Line in Plane

Point coordinates: X, Y, X, X, X;> Vo> V;> @;> @y5 «o
Real numbers: k,a, b, p,t,A,B,C, A, A,, ...
Angles: o,

Angle between two lines: ¢

Normal vector: n

—

Position vectors: ¥, a, b

622. General Equation of a Straight Line
Ax+By+C=0

623. Normal Vector to a Straight Line
The vector 1i(A, B) is normal to the line Ax +By +C=0.

4

Figure 98.

624. Explicit Equation of a Straight Line (Slope-Intercept Form)
y=kx+b.
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The gradient of the lineis k=tana.

y

Figure 99.
625. Gradient of a Line
k=tano =221
X, =X
y

Figure 100.
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626. Equation of a Line Given a Point and the Gradient
y=Y, +kx-x,),
where k is the gradient, P(x,, y, ) is a point on the line.

y

P(xy ¥

Figure 101.

627. Equation of a Line That Passes Through Two Points

y-v. _X7%
Yo7V XX
or

x vy 1

x, vy, 1=0.
X, Yy, 1
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Figure 102.

628. Intercept Form
E + X =1

a b

Figure 103.

142



CHAPTER 7. ANALYTIC GEOMETRY

629. Normal Form
xcosB+ysinf—p=0

y

X
Figure 104.
630. Point Direction Form
XX _Y %
X Y
where (X, Y) is the direction of the line and P,(x,,y,) lies
on the line.
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y
5

P(x,, ¥,)

0 X

Figure 105.

631. Vertical Line
x=a

632. Horizontal Line
y=b

633. Vector Equation of a Straight Line
r=a+tb,
where
O is the origin of the coordinates,
X is any variable point on the line,
a is the position vector of a known point A on the line,

b is a known vector of direction, parallel to the line,
t is a parameter,

N
r =O0X is the position vector of any point X on the line.
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¥

b

T
— A
X
4 2
0 X

Figure 106.

634. Straight Line in Parametric Form

x=a, +tb,
y=a,+tb, ’
where

(x, y)are the coordinates of any unknown point on the line,
(a,,a,) are the coordinates of a known point on the line,
(bl, bz) are the coordinates of a vector parallel to the line,

t is a parameter.
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Yy
—_Aa, a) b, b,)
by 5)
0

Figure 107.

635. Distance From a Point To a Line
The distance from the point P(a, b) to the line

Ax+By+C=0is
d_|Aa+Bb+C|
JA + B

I,

Vi

Figure 108.
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636. Parallel Lines
Two lines y =k x+b, and y=k,x+b, are parallel if
k, =k,.
Two lines Ax+By+C =0 and A,x+B,y+C,=0 are

parallel if
A B

S P
A2 B2

Figure 109.

637. Perpendicular Lines
Two lines y =k, x+b, and y=k,x+b, are perpendicular if
k, = _ki or, equivalently, k k, =-1.
1
Two lines Ax+B,y+C =0 and A,x+B,y+C,=0 are

perpendicular if
AA,+BB,=0.
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Figure 110.

638. Angle Between Two Lines

2 _kl
tang = ,
1+kk,
cos Q= AA,+BB,
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Figure 111.

639. Intersection of Two Lines
If two lines A;x+B,y+C, =0 and A,x+B,y+C, =0 inter-
sect, the intersection point has coordinates
 —= C.B, +C,B, _- AC,+AC,
’ Ale _AZBI Yo Ale _AZBI .

7.4 Circle

Radius: R
Center of circle: (a, b)

Point coordinates: x, y, X,, V5 ...
Real numbers: A, B,C, D, E, F, t
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640. Equation of a Circle Centered at the Origin (Standard
Form)

X2+Y2:R2

~P(x, y)

Figure 112.

641. Equation of a Circle Centered at Any Point (a, b)
(x-a) +(y ~bf =R

o
P(x, y)
R
°A(a, b)
0 X
Figure 113.
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642. Three Point Form

x+y" x y 1
ity xoov 1
+Hy, Xy, 1
K4y, Xy, 1

y

AlX,, ¥4)

T X

0

Figure 114.
643. Parametric Form

x=Rcost

. 5,05t 2m.
y=Rsint

644. General Form
Ax’ + Ay’ + Dx +Ey + F=0 (A nonzero, D’ + E* > 4AF).
The center of the circle has coordinates (a, b) , where
a= _D , b= _E .
2A 2A
The radius of the circle is
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D’ +E*—4AF
24

7.5 Ellipse

645.

Semimajor axis: a

Semiminor axis: b

Foci: E(-¢,0), E(c,0)
Distance between the foci: 2¢
Eccentricity: e

Real numbers: A, B,C, D, E, F, t
Perimeter: L

Area: S

Equation of an Ellipse (Standard Form)

2 2
L.
a- b
Yy
b
Figure 115.

152



CHAPTER 7. ANALYTIC GEOMETRY

646. r +r,=2a,
where 1, 1, are distances from any point P(x,y) on
the ellipse to the two foci.

y

P(, Y)

Figure 116.
647. a’=b’+¢’

648. Eccentricity

C
e=—<1
a

649. Equations of Directrices
2

a a

x=t—=%

e c
650. Parametric Form
{x =acost

o 0<t<2n.
y =bsint
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General Form
Ax’ +Bxy +Cy’ +Dx+Ey+F=0,
where B> —4AC<0.

General Form with Axes Parallel to the Coordinate Axes
Ax’+Cy’+Dx+EBy+F=0,
where AC>0.

Circumference

L= 4aE(e) ,

where the function E is the complete elliptic integral of
the second kind.

Approximate Formulas of the Circumference

L:n(l.S(a+b)—\/E),
L:nw/Ziaz +b’ )

S=mab

7.6 Hyperbola

Transverse axis: a

Conjugate axis: b

Foci: E(-¢,0), E(c,0)

Distance between the foci: 2¢
Eccentricity: e

Asymptotes: s, t

Real numbers: A,B,C, D, E, F, t, k
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656. Equation of a Hyperbola (Standard Form)

X2 yZ
i A |
a’ b’
y
t
F al kK X
-C 0 c
S
Figure 117.

657. |r1 —r2| =2a,

where 1, r, are distances from any point P(x,y) on
the hyperbola to the two foci.
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Figure 118.

658. Equations of Asymptotes

y=t*—x
a

659. c*=a’+b’

660. Eccentricity

C
e=—>1
a

661. Equations of Directrices

2

a a
x=t-=t"—
€ C
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663.

664.

665.
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Parametric Equations of the Right Branch of a Hyperbola
{x =acosht

o 0<t<2n.
y =bsinht

General Form
Ax’ +Bxy +Cy’ +Dx+Ey+F=0,
where B> —4AC>0.

General Form with Axes Parallel to the Coordinate Axes
Ax’+Cy’+Dx+Ey+F=0,

where AC<0.
Asymptotic Form
e
Xy 1’
or
2

yzk,where k=<,

X 4

In this case , the asymptotes have equations x=0 and
y=0.
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Figure 119.

7.7 Parabola

Focal parameter: p
Focus: F
Vertex: M(xo,yo)

Real numbers: A, B, C, D, E, F, p,a, b, c

666. Equation of a Parabola (Standard Form)
y? =2px
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y
t
F
-p/2| O\ p/2
Figure 120.

Equation of the directrix

Coordinates of the focus

Coordinates of the vertex

General Form
Ax’ +Bxy +Cy’ +Dx +Ey+F=0,
where B —4AC=0.

=ax’ _ 1
Y ' P 2a

Equation of the directrix
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-_P
y="2

Coordinates of the focus

F(o, Bj :
2

Coordinates of the vertex
M(0,0).

p/2 F

-p/2
Figure 121.

669. General Form, Axis Parallel to the y-axis
Ax’ +Dx+Ey+F=0 (A, E nonzero),

1
y=ax’+bx+c, p=—-.
2a

Equation of the directrix
p

Y=Y~ E >

Coordinates of the focus
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p
F(xo,y0 +E),

Coordinates of the vertex
b 5 4ac—b’
X,=——, Y, =aX, +bx,+c= .
2a 4a

t

Figure 122,

7.8 Three-Dimensional Coordinate System

Point coordinates: Xg5 Yor Zos> Xi5 Vs Zy5 ---

Real number: A

Distance between two points: d
Area: S

Volume: V
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670. Distance Between Two Points
d=AB=\/(X2 _Xl)z + (Yz _YI)Z +(Z2 _Zl)z

z
B(xz,yz,zz)
d
A(X,.Y,,Z,)
0
X
Figure 123.

671. Dividing a Line Segment in the Ratio A

X, +Ax, Y, + Ay, z,+\z,
Xy = 0= Z,=
1+A 1+ A 1+ A
where
x:ﬁ, A#-1.
CB
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z
B(x,,12)
Clx %2y
AlX, ,.2)
X
A>0
Figure 124.
z
Clxy ¥.2))

-0

B(xz,yz,zz)///

A(XW’%’Z?/.

A<0

Figure 125.
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Midpoint of a Line Segment
X, +X, Y, tY, Z,+Z,
Xg=——, V,=""+—>,2,=——=, A=1.
0 5 Yo 5 0 5

Area of a Triangle
The area of a triangle with vertices P,(x,,y,,z,),

Pz(xz’Ysz)’ and Pa(xs’Y3’Z3) is given by

2

2 2
YI Zl 1 Z1 Xl 1 Xl YI 1

1
S=—lv. z,

1 +|z
2 2

x, I +|x, vy, 1

y; z; 1 z; X; 1 X; y; 1

Volume of a Tetrahedron
The volume of a tetrahedron with vertices P,(x,,y,,z,),

Pz(xz’YZ’Zz)’ P3(X3,y3,23), and P4(X4’Y4’Z4) is given by

X Yz 1
V:ilxz Y, 7, 1’

6)x, vy, z; 1

Xy Vi Z4 1
or

1X1_X4 Yi=Ys 72,77,
V=igX2—X4 Yo=Yy Zy7Zy.

X3 =Xy Y37Ys 2377,

Note: We choose the sign (+) or (—) so that to get a positive
answer for volume.
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z
D(x,,Y,.2,)
Clx%.2)
A(X,¥,,2)
B(xz, yz,zz)
X
Figure 126.

7.9 Plane

Point coordinates: X, ¥, Z, X,» V> Zg> X;5 V> Zy> +-+

Real numbers: A, B,C,D, A, A,,a,b,c,a,, a,, A,p,t, ...

Normal vectors: n, n,, n,
Direction cosines: cosa, cosf, cosy
Distance from point to plane: d

675. General Equation of a Plane
Ax+By+Cz+D=0
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676. Normal Vector to a Plane
The vector i (A, B, C) is normal to the plane

Ax+By+Cz+D=0.

Z

n(ABC)

Figure 127.

677. Particular Cases of the Equation of a Plane
Ax+By+Cz+D=0

If A =0, the plane is parallel to the x-axis.
If B=0, the plane is parallel to the y-axis.
If C=0, the plane is parallel to the z-axis.
If D=0, the plane lies on the origin.

If A=B=0, the plane is parallel to the xy-plane.

If B=C=0, the plane is parallel to the yz-plane.
If A=C=0, the plane is parallel to the xz-plane.
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678. Point Direction Form
A(X_Xo)+ B(Y_Y0)+C(Z_Zo): 0,
where the point P(x,,y,,z,) lies in the plane, and the vec-
tor (A, B, C) is normal to the plane.

Z

n(ABC)

M(x y.2)

uhﬁﬁhmﬁlzﬁ%z&

Figure 128.
679. Intercept Form

z
“+i4+2=1
a b ¢
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Figure 129.

680. Three Point Form
X=X; Y7V:3 Z-7Z4

X, —X; V,—Y; Z,-24=0,

X,=X3 V27V Z,7Z4
or
x y z 1
X, vV oz 1 ~0.
X, YV, 2z, 1
X; Vs zy ]

168



CHAPTER 7. ANALYTIC GEOMETRY

zZ
B(x, ¥ 2,)
M(x,%2) & e
>
A(X1;%;Z1)
0 y
X
Figure 130.

681. Normal Form
xcosa+ycosB+zcosy—p=0,

where p is the perpendicular distance from the origin to
the plane , and cosa, cosP, cosy are the direction cosines
of any line normal to the plane.
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zZ
p £
¥
o P
0 y
X
Figure 131.

682. Parametric Form
X=X, +as+a,t
y=vy,+bs+b,t,
z2=172,+¢s+cC,t
where (x,y,z) are the coordinates of any unknown point on
the line , the point P(xl,yl,zl) lies in the plane, the vectors
(a,,b,,c,) and (a,,b,,c,) are parallel to the plane.
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P(X']J_V'PZ'])

Figure 132.

683. Dihedral Angle Between Two Planes
If the planes are given by
Ax+By+Cz+D, =0,
Ax+B,y+Cz+D, =0,
then the dihedral angle between them is
n, -n, AA,+BB,+CC,

TRy \/A2+B2+C2 \/A2+B2+C2.
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roo
'i ;(P n;
0 oo .

~

24 »

A -
o

Figure 133.

684. Parallel Planes
Two planes A x+B,y+C,z+D, =0 and

A,x+B,y+C,z+D, =0 are parallel if
A, B, C

D
A, B, C,

685. Perpendicular Planes
Two planes A x+B,y+C,z+D, =0 and

A,x+B,y+C,z+D, =0 are perpendicular if
AA,+BB,+CC,=0.

686. Equation of a Plane Through P(x,,y,,z,) and Parallel To
the Vectors (a,,b,,c,) and (a,,b,,c,) (Fig.132)
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a, bz <

687. Equation of a Plane Through P,(x,,y,,z,) and P,(x,,y,,z,),
and Parallel To the Vector (a, b, c)
X=X Y% -1z,
X 1 Y2V 2,72 =0
a b c

, —X

—-

t(ab,c)
/ P(%,¥5,2))

P] (51;}/1521)

Figure 134.

688. Distance From a Point To a Plane
The distance from the point P,(x,,y,,z,) to the plane

Ax+By+Cz+D=0is
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d=|Ax1+By1+Czl+D
‘ JA? +B>+C? ‘

Z
A2y

Figure 135.

689. Intersection of Two Planes
If two planes A x+B,y+C,z+D, =0 and

A,x+B,y+C,z+D, =0 intersect, the intersection straight
line is given by
X=X, +at
y=y, +bt,
z=17,+ct
or
X—X — Y% — -2z,
a b c
where

>
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a= Bl Cl — Cl Al — Al Bl
BZ C2 ’ C2 A2 ’ A2 BZ ’
b Dl Cl Dl Bl
—c
_ D, C, D, B,
1= a’+b*+¢’ ’
Dl Al Dl Cl
C —a
_ D, A, D, C,
= a’+b*+¢’ ’
Dl Bl Dl Al
a -b
_ D, B, D, A,
4= a’+b*+¢’ |

7.10 Straight Line in Space

Point coordinates: x,y, z, X, ¥, Z,, ...
Direction cosines: cosa, cosf3, cosy

Real numbers: A, B, C, D, a, b, ¢, a,, a,, t, ...
Direction vectors of a line: s, s, s,

Normal vector to a plane: n
Angle between two lines: ¢

690. Point Direction Form of the Equation of a Line
X=X, _ Y™V, _27% )
a b C
where the point P, (xl,yl,zl) lies on the line, and (a,b, c) is
the direction vector of the line.
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s (a,b,c)

/

F.%.2)

Figure 136.

691. Two Point Form
X=X, — Y=Y — Z—1,

X=X YooY 2,77

/'gz(%)

—P%.2)

2

Figure 137.
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692. Parametric Form
X=X, +tcosa

y=y, +tcosf,

z=17,+tcosy
where the point P,(x,,y,,z,) lies on the straight line,
cosa, cosf, cosy are the direction cosines of the direction
vector of the line, the parameter t is any real number.

z
P x.¥.2)
—
¥ s
0 1F y
o
X
Figure 138.

693. Angle Between Two Straight Lines
S-S, aa,+bb,+cc,

S a2 +b et yfaleblec

cosQ =
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s,(a,.b,,c)
S, az,bz,CE)

Figure 139.

694. Parallel Lines
Two lines are parallel if

si1Is,s

or

a_b _¢
a2 b2 C2

695. Perpendicular Lines
Two lines are parallel if
5,8, =0,
or
aa,+bb,+cc,=0.

696. Intersection of Two Lines

) X—X - -1
Two lines I A L and

q bl <

178



697.

CHAPTER 7. ANALYTIC GEOMETRY

2 _YTY, 277,

a, bz <

X=Xy YooYy 2,774
a, b, c, |=0.
a b C

Parallel Line and Plane

The straight line e y;Y‘ =27% and the plane
a c

Ax +By+Cz+ D=0 are parallel if
n-s=0,
or
Aa+Bb+Cc=0.

Z

P.%.2)
0 y
X

Figure 140.
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698. Perpendicular Line and Plane

N YN 2T and the plane

a b c
Ax +By+Cz+ D=0 are perpendicular if

The straight line x

nlls,
or
A_B_C
a b ¢
4
s(a,b,c)
n (A,B,C)
4 %
*-,v. !
8},‘,‘_ =
C?rlf.o
/ K
X
Figure 141.

7.11 Quadric Surfaces

Point coordinates of the quadric surfaces: x, y, z
Real numbers: A, B, C, a, b, ¢, k,,k,,k;, ...
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699. General Quadratic Equation
Ax’ +By? + Cz* + 2Fyz + 2Gzx + 2Hxy + 2Px + 2Qy + 2Rz + D=0

700. Classification of Quadric Surfaces

Case | Rank(e) | Rank(E) A k signs Type of Surface
1 3 4 <0 Same Real Ellipsoid
2 3 4 >0 Same Imaginary Ellipsoid
3 3 4 >( | Different Hyperboloid of 1 Sheet
4 3 4 <0 | Different Hyperboloid of 2 Sheets
5 3 3 Different Real Quadric Cone
6 3 3 Same Imaginary Quadric Cone
7 2 4 <0 Same Elliptic Paraboloid
8 2 4 >0 | Different Hyperbolic Paraboloid
9 2 3 Same Real Elliptic Cylinder
10 2 3 Same Imaginary Elliptic Cylinder
11 2 3 Different Hyperbolic Cylinder
12 2 2 Different Real Intersecting Planes
13 2 2 Same Imaginary Intersecting Planes
14 1 3 Parabolic Cylinder
15 1 2 Real Parallel Planes
16 1 2 Imaginary Parallel Planes
17 1 1 Coincident Planes
Here
A H G AH QP
H B F Q
e=|H B F|,E= , A=det(E),
G F C R
G F C
P Q R D

k,,k,,k, are the roots of the equation,
A-x H G

H B—x F |=0.

G F C-x
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701. Real Ellipsoid (Case 1)

2 2 2

y _
—+5+5=1

a> b*

Figure 142.

702. Imaginary Ellipsoid (Case 2)

2 2 2

X__|_y_+z_:_1

a> b*

703. Hyperboloid of 1 Sheet (Case 3)
2 2 2
Xy oz
AR
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Figure 143.

704. Hyperboloid of 2 Sheets (Case 4)
X2 yZ ZZ
2y e

Figure 144.
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705. Real Quadric Cone (Case 5)

X2 yZ ZZ B
a> b> ¢
L
y
X

Figure 145.

706. Imaginary Quadric Cone (Case 6)

X2 yz Zz
—2+—2+—2=0
a- b ¢

707. Elliptic Paraboloid (Case 7)
2 2
Xy
S A
a’ b’
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X
Figure 146.
708. Hyperbolic Paraboloid (Case 8)
2 2
X Yy
PO

Figure 147.
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709. Real Elliptic Cylinder (Case 9)
2 2
X Yy
? + ? = 1

Figure 148.

710. Imaginary Elliptic Cylinder (Case 10)
2 2
L 4
=+l =1
a’ b’

711. Hyperbolic Cylinder (Case 11)
XZ 2
!
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_,—o-"/

Figure 149.

712. Real Intersecting Planes (Case 12)
2 2

X ¥y _

a> b’

713. Imaginary Intersecting Planes (Case 13)
2 2
X Y
o

714. Parabolic Cylinder (Case 14)

2
X

2 _v=0
a’ ¥
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T

//\
X
Figure 150.

715. Real Parallel Planes (Case 15)

716. Imaginary Parallel Planes (Case 16)

717. Coincident Planes (Case 17)
x> =0
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7.12 Sphere

Radius of a sphere: R

Point coordinates: X, Y, z, X,, Y,» Z;» .-
Center of a sphere: (a,b,c)

Real numbers: A, D, E,F, M

718. Equation of a Sphere Centered at the Origin (Standard
Form)

x2+yz+22:R2

Figure 151.

719. Equation of a Circle Centered at Any Point (a,b,c)
(x—a)2 +(y—b) +(Z—c)2 =R’

720. Diameter Form
(X_X1)(X_xz)+(Y_Yl)(Y_YZ)+(Z_Zl)(z_zz)z0’
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CHAPTER 7. ANALYTIC GEOMETRY

where

P,(x,,v,,2,), P,(x,,y,,2,) are the ends of a diameter.

Four Point Form

xX+y'+z2" x y z 1
2 2 2 1
X1 +Y1 + Xl Xl Yl Zl
2 2 2 —
X,+y,+x, X, y, z, 1=0
2 2 2
X3 + Y3 + X3 X3 Y3 ZS 1
2 2 2
X4 + Y4 + X4 X4 Y4 Z4 1

General Form
Ax’ + Ay’ + Az’ + Dx+Ey +Fz+M=0 (A is nonzero).
The center of the sphere has coordinates (a,b,c) , where
D
a= b= —£ , €= —i .
2A 2A
The radius of the sphere is
VD? + E* + F* —4A™M
2A |

R=
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Chapter 8
Differential Calculus

Functions: f, g, y, u, v

Argument (independent variable): x
Real numbers: a, b, ¢, d

Natural number: n

Angle: o

Inverse function: f™'

8.1 Functions and Their Graphs

723. Even Function

f(-x)=£(x)

724. (Odd Function

f(-x)=—f(x)

725. Periodic Function

f(x +nT)=f(x)
726. Inverse Function

y =f(x) is any function, x =g(y) or y=f"'(x) is its inverse
function.
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Figure 152.

727. Composite Function
y=f(u), u=g(x), y =f(g(x)) is a composite function.

728. Linear Function

y=ax+b, xeR, a=tana is the slope of the line, b is
the y-intercept.
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y = ax+b

/\ao X

Figure 153.

729. Quadratic Function
y= x*, xeR.

Figure 154.

193



CHAPTER 8. DIFFERENTIAL CALCULUS

730. y:ax2+bx+c, xeR.

y
a>0
y = ax2+bx+c
0
a<0
Figure 155.

731. Cubic Function
y=x", xeR.
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Figure 156.

732. y=ax’+bx’+cx+d, xeR.
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y

y= ax>+bx 2+cx+d

a>0

a<0

Figure 157.

733. Power Function
y=x",neN.
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y
y=x°
y=x*
y=x?

(-1.1) (1,1)
0
Figure 158.
y

Figure 159.
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734. Square Root Function

yzx/;, xe[O,oo).

y
y =ix
X
0
Figure 160.
735. Exponential Functions
y=a", a>0,a#l,
y=e" ifa=e, e=2.71828182846...
Y
=g
O<a<1 a>1
0,1)
5
Figure 161.
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736. Logarithmic Functions
y=log, x, xe(0,0), a>0, a=1,
y=Inx ifa=e, x>0.

Y
y =logx
a>1
-\ A0 "
0
O<a<1
Figure 162.
737. Hyperbolic Sine Function
y=sinhx, sinhx = —¢ , xeR.
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Y
y = sinh x
0 X
Figure 163.
738. Hyperbolic Cosine Function
X + —X
y=coshx, coshxz%, xeR.
y
y = cosh x
1
Figure 164.
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739. Hyperbolic Tangent Function
sinhx e"—e™

y=tanhx, y=tanhx = = —, xeR.
coshx e*+e™
Y
1 y =tanh x
0 X
-1
Figure 165.
740. Hyperbolic Cotangent Function
y=cothx, y=cothx= cosh x _¢ e , XeR, x#0.

sinhx e*—e™
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y = coth x

Figure 166.

741. Hyperbolic Secant Function

1 2
y=sechx, y=sechx= =——, xeR.
coshx e*+e

y

y = sech x

Figure 167.
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742. Hyperbolic Cosecant Function

1 2
y=cschx, y=cschx=— =——, xeR, x#0.
sinhx e*—e

y

y = csch x

Figure 168.

743. Inverse Hyperbolic Sine Function
y =arcsinhx, xeR.
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y
y = arcsinh x
0 X
Figure 169.

744. Inverse Hyperbolic Cosine Function
y =arccosh x, x €[1,).

y

y = arccosh x

Figure 170.

745. Inverse Hyperbolic Tangent Function
y =arctanh x, x € (—1, 1) .
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y = arctanh x

Figure 171.

746. Inverse Hyperbolic Cotangent Function
y =arccothx, x € (—o0,—1)U(1, ).
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y = arccoth x

-1

Figure 172.

747. Inverse Hyperbolic Secant Function
y =arcsech x, x €(0,1].
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y = arcsech x

Figure 173.

748. Inverse Hyperbolic Cosecant Function
y=arccschx, xeR, x#0.

y

y = arcesch x

Figure 174.
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8.2 Limits of Functions

Functions: f(x), g(x)
Argument: x
Real constants: a, k

749. lim[f(x)+g(x)]= lxiil}f(x)-i_ limg(x)

X—a X—a

750. lim[f(x)—g(x)]=limf(x)—limg(x)

X—a X—a xX—a

751. lim[f(x) g(x)]=limf(x) - limg(x)

X—a xX—a X—a

limf(x
752. 1im ) _ xo ,if limg(x)=0.
X—a g(x) limg X X—a g

xX—a

753. lim[kf(x)]=klimf(x)

X—a X—a

754. limf(g(x))= f(lim g(x))

X—a X—a

755. limf(x)=f(a), if the function f (x) is continuous at x =a.

X—a

sinx

756. lim =1
x—0 X
. tanx
757. lim =1
x—0 X
sin”' x
758. lim =1
x—0 X
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759. lim =1
x—0 X

760. limR0+X)_ )
x—0 X
. 1Y)

761. llm(1+—j =e
X—>00 X

762. 1im(1+5j =k

763. lima* =1

8.3 Definition and Properties of the Derivative

Functions: f, g, y, u, v
Independent variable: x
Real constant: k

Angle: o

g
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Figure 175.

765. ﬂ =tanq
dx

766, dutv)_du dv
dx  dx dx

767. dlu-v) du dv

dx  dx dx
768, dku)_ du
dx dx

769. Product Rule
du-v) du dv
—_t =V + u-—
dx dx dx
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771.

772,

773.

774,

CHAPTER 8. DIFFERENTIAL CALCULUS

Quotient Rule
du dv

d(u) ax ¥ Vax
e
Chain Rule

y =f(g(x)), u=g(x),
dy dy du
dx  du dx

Derivative of Inverse Function
dy 1
dy

where x(y)is the inverse function of y(x).

Reciprocal Rule
dy

df1)__d&

dx\y y?

Logarithmic Differentiation
y=f(x), Iny =Inf(x),

%:f(x)%[lnf(x)].

8.4 Table of Derivatives

Independent variable: x
Real constants: C, a, b, ¢
Natural number: n
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775.

776.

7717.

778.

779.

780.

781.

782.

783.

784.

785.

CHAPTER 8. DIFFERENTIAL CALCULUS

dx
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d

—\a*)=a*lna, a>0, a=1.
)

786.
787. i(e" )= e*

788. i(sinx) =CosX

dx

789. i(cosx) =—sinx

dx

790. di(tanx): 12 =sec’ x

791. —(cotx)=— L acx

792, i(secx) =tanXx-secx

dx
793. —(cscx)=—cotx-cscx
dx
794, i(arcsinx): !
X 1-x°
795. i(arccosx):— !
dx 1-x°
796. i(arctanx): 12
dx 1+x

213



CHAPTER 8. DIFFERENTIAL CALCULUS

797. i(arccotx): -

dx 1+x?

798. i(arcsecx)= !

dx |X|\/ x’ -1

799. i(arccscx):—;
dx |x| x> —1
d .
800. —(sinhx)=coshx
X
d .
801. —(coshx)=sinhx
dx
d 2
802. —(tanhx)= =sech’x
' cosh” x
d :
803. —(cothx)=-———=—csch’x
dx sinh” x

804. i(sech x)=—sech x - tanh x

X

805. i(csch x)=—csch x - coth x

dx
806. i(arcsinh X)= !
dx x +1
807. i(arccosh X)= !
X x* -1
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808. i(arctanh X)=

. 5 , x|<1
d

809. —(arccothx)=— — x|>1
dx x° —

810. i(uv)zvuv_l-ﬂ+uvlnu-ﬂ
dx dx dx

8.5 Higher Order Derivatives

Functions: f, y, u, v
Independent variable: x
Natural number: n

811. Second derivative

ey (8] - L8] 8y

dx ) dxldx) dx2

812. Higher-Order derivative
e 94 _ ) _ ()’

813. (u+v)(") =u™ v

814. (u—v)" =u™ -y

815. Leibnitz’s Formulas

r

(uv) =u"v+2uv +uv”
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e

(uv) =u"v+3u'v +3uv’ +uv"”
(uv)(") =u"v+nu" v + %u("_z)v” +... +uv®

816. (xn)" =M _xm

817. (x")"” =n!
818, (log, x)" ==Y (-1}
819, (Inx)" = U (0-1)t
820 (x)(ﬂ)_ xl n

- \a =a In"a

821. (&) =¢"

822. (amX )(n) =m"a™In"a
823. (sin x)(") = sin(x + n_znj

nm

824. (cosx)" = cos(x + TJ
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8.6 Applications of Derivative

825.

826.

Functions: f, g, y
Position of an object: s
Velocity: v
Acceleration: w
Independent variable: x
Time: t

Natural number: n

Velocity and Acceleration
s =f(t) is the position of an object relative to a fixed

coordinate system at a time t,
v =s'=f'(t) is the instantaneous velocity of the object,

w=v'=s"=f"(t) is the instantaneous acceleration of
the object.

Tangent Line
Y=Y = f,(Xo)(X - Xo)
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Figure 176.

827. Normal Line
(x - XO) (Fig 176)

1
Yoo __f’(xo)

828. Increasing and Decreasing Functions.
If f'(x,)>0, then f(x) is increasing at x,. (Fig 177, x <x,,

X, <X),

If f'(x,) <0, then f(x) is decreasing at x, . (Fig 177,
X, <X<X,),

If f' (xo) does not exist or is zero, then the test fails.
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y =f(x)

Figure 177.

Local extrema
A function f(x) has a local maximum at x, if and only if

there exists some interval containing x, such that
f(xl )2 f(x) for all x in the interval (Fig.177).

A function f(x) has a local minimum at x, if and only if
there exists some interval containing x, such that
f(x, ) <f(x) for all x in the interval (Fig.177).

Critical Points
A critical point on f(x) occurs at x, if and only if either

f'(x, ) is zero or the derivative doesn’t exist.

First Derivative Test for Local Extrema.
If f(x) is increasing (f’ (x) >0) for all x in some interval

(a,x,] and f(x) is decreasing (f'(x)<0) forall x in some
interval [xl,b), then f(x) has a local maximum at x,
(Fig.177).
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833.

834.

835.

836.

837.
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If f(x) is decreasing (' (x) <0) for all x in some interval
(a,x, ] and f(x) is increasing (f' (x)>0) for all x in some
interval [x,,b), then f(x) has a local minimum at x, .
(Fig.177).

Second Derivative Test for Local Extrema.
If f'(x,)=0 and f"(x,)<0, then f(x) has a local maximum

at x,.
If f'(x,)=0 and f"(x,)>0, then f(x) has a local minimum
at x, . (Fig.177)

Concavity.
f(x) is concave upward at x, if and only if f'(x) is

increasing at x, (Fig.177, x, <x).
f(x) is concave downward at x, if and only if f'(x) is
decreasing at x,. (Fig.177, x <x,).

Second Derivative Test for Concavity.
If f”(x,)> 0, then f(x) is concave upward at x,.

If £”(x,)< 0, then f(x) is concave downward at x,.
If f”(x) does not exist or is zero, then the test fails.

Inflection Points
If f'(x,) exists and f'(x) changes sign at x=x,, then

the point (x,,f(x,)) is an inflection point of the graph of
f(x). If f"'(x, ) exists at the inflection point, then f"'(x,)=0
(Fig.177).

L’Hopital’s Rule

! 0
lim f(x) =lim f’(x) if lim f(x)=1lim g(x)= { .
X—>C g(x) X—>C g (X) X—>C X—C o0
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8.7 Differential

Functions: f, u, v

Independent variable: x

Derivative of a function: y'(x), f'(x)
Real constant: C

Differential of function y =f(x): dy
Differential of x: dx

Small change in x: Ax

Small change in y: Ay

838. dy=y'dx

839. f(x+Ax)=f(x)+f(x)Ax

y

Figure 178.
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840. Small Changeiny
Ay =f(x + Ax)—f(x)

841. d(u+v)=du+dv

842.

u-v)=du—dv

d(
843. d(Cu):Cdu
844. d(

uv)=vdu + udv

845. d(gj _ vdu —udv
v

2
\

8.8 Multivariable Functions

Functions of two variables: z(x,y), f(x,y), g(x,y), h(x,y)
Arguments: x, y, t
Small changes in x, y, z, respectively: Ax, Ay, Az.

846. First Order Partial Derivatives
The partial derivative with respect to x

8—f:fx (also %:zx )
ox

ox
The partial derivative with respect to y
% ={, (also %=zy).
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847. Second Order Partial Derivatives

o) cr
ox\ox) ox2 %

ofof) of

Bl el

oyloy) oy "

ofeny_ ot

oylox) oyox ™’
ofer)_et

ox\oy) oxoy

If the derivatives are continuous, then
o't of

dyox  Oxdy

848. Chain Rules
If f(x,y)=g(h(x,y)) (gis a function of one variable h), then

of ch of |, ch
a—x=g(h( )Y))& g—g(h(x,y))g.

If h(t) = £(x(t),y(t)), then h'(t)= 219X, KLY,

If z=f(x(u,v),y(u,v)), then
oz _of ox afay oz _ of ox 8f8y

u oxou oy ou’ ov  oOx ov 5yav'

849. Small Changes
Az a—fA +a—fAy
ox oy
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Local Maxima and Minima
f(x,y) has a local maximum at (x,,y,) if f(x,y)<f(x,,y,)

for all (x,y) sufficiently close to (x,,y,)-

f(x,y) has alocal minimum at (x,,y,) if f(x,y)>f(x,,y,)
for all (x,y) sufficiently close to (x,,y,).

Stationary Points
of of
—=—=0.

ox 0Oy

Local maxima and local minima occur at stationary points.

Saddle Point
A stationary point which is neither a local maximum
nor a local minimum

Second Derivative Test for Stationary Points

Let (x,,y, ) be a stationary point (%f _a 0).

oy
fxx(XO’YO) fxy(XO’YO
fyx(XO’YO) fyy(XO’YO .

If D>0, f_(x,,5,)>0, (x,,y,) isa point of local minima.
IfD>0, f_(x,,5,)<0, (x,,y,) isa point of local maxima.
If D<0, (x,,y,) is a saddle point.

If D=0, the test fails.

Tangent Plane
The equation of the tangent plane to the surface z=f(x,y)

at (xo,yo,zo) is
-1, :fx(XO’YO)(X_XO)+fy(XO’YO)(Y_YO)'
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855. Normal to Surface
The equation of the normal to the surface z=f (x,y) at
(XO’YO’ZO) is
X=X, Y=Y Z—1,

fx(XO’YO) fy(XO’YO) -1

8.9 Differential Operators

Unit vectors along the coordinate axes: f, }, k
Scalar functions (scalar fields): f (x,y,z) R u(xl, X,y .,xn)
Gradient of a scalar field: gradu, Vu

. . .. of
Directional derivative: —

Vector function (vector field): F (P,Q,R)
Divergence of a vector field: div E,V-F
Curl of a vector field: curl F, V xF

Laplacian operator: V>

856. Gradient of a Scalar Function

gradf =Vf= é_f’é_f,a_f )
Ox Oy oz
gradu=Vu= Ou R Ou e Ou .
0x, O0X, 0x,
857. Directional Derivative
of of of of
—=—0c080+—cosf}+—cosY,
a ox oy oz
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864.
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where the direction is defined by the vector
1(cosat, cosB, cosy), cos’ o +cos’B+cos’y=1.

Divergence of a Vector Field

divi-v.F=P,0Q R
ox Oy Oz

Curl of a Vector Field
i j k
curlIE=V><IE=i i i
ox O0x O0Xx
P Q R

_[R_2Q), 5_P_3_R)3+ 0Q o
oy 0z 0z Ox ox 0Oy

Laplacian Operator
of o N o’f

Vii=—"1+
6X2 ayZ aZZ

div(curl F)= A (V X ﬁ) 0

curl(grad f)=V x(Vf)=0
div(grad f)=V-(Vf)=V’f

curl(curl F): grad(div F)— VE= V(V : F)— VF
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Chapter 9
Integral Calculus

Functions: f, g, u, v
Independent variables: x, t, &

Indefinite integral of a function: If (x)dx, Ig(x)dx yeue
Derivative of a function: y'(x), f'(x), F/(x), ...

Real constants: C, a, b, ¢, d, k
Natural numbers: m, n, i,

9.1 Indefinite Integral

865. [f(x)dx=F(x)+C if F(x)=f(x).
866. ([f(x)dx)=f(x)

867. [kf(x)dx =k [f(x)dx

868. [[F(x)+g(x)kix = [ f(x)dx + [glx)dx
869.  [[f(x)—g(x)ldx = [f(x)dx — [ g(x)dx

870. [f(ax)dx = F(ax)+C
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871. Jf(ax+b)dx :lF(ax+b)+C
a
872. [f(x)f/(x)dx =~ £(x)+C

873. | @dxﬂn|f(x)|+c

f(x)

874. Method of Substitution

.[f(x)dx = .[f(u(t))u'(t)dt if x=u(t).

875. Integration by Parts
J.udv =uv —jvdu,

where u(x), v(x) are differentiable functions.

9.2 Integrals of Rational Functions

876. J.adx =ax+C

2

877. jxdx:x—+c
2

3
878. J.xzdx X +C
3

+1
XP

p+1

879. [x"dx=——+C,p=-1.
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n+1
J‘(ax+b)“dx:&+c, n#-1.
a(n+1)

[ 1nfx+C
X

J. dx =lln|ax+b|+C
ax+b a

bc—ad

2
C

Jax+bdx:3x+ Injcx +d|+C
C

cx+d

C,a#b.
(x+a)x+b) a-b |X+a|+ ar

J- dx 1 ln|x+b|

J-xdx

T =b—12(a+bx—aln|a+bx|)+C
a+bx

2
J' X cll)x :b—t[é(a+bx)2—2a(a+bx)+a2 ln|a+bx|}rC
a—+ bx

I dx =llna+bX+C
x(a+bx) a X
j#:—i+%lna+bx +C
x’(a+bx) ax a X

xdx 1 a
——=—1 b C
JA(a+bx)2 b2(n|a+ X|+a+bxj+
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2 2
890. jL‘Xﬁis a+bx—2alnfa+bx|-—— |+C
(a+bx) b a+bx
got. [ L lparg
x(a+bx) a(a+bx) a X
go2. [ L X"l ¢
x“—-1 2 |x+1
go3. [- & L1t ¢
1-x*> 2 |1-x
goa. [ _L2*X. ¢
a’—x’> 2a |a—-x
gos. [ _Lpx=2. ¢
x°—a 2a |x+a

896. | d"2 =tan” x+C

897. =—tan —+C
J‘az +x? a a

xdx 1
898. -[xz e :Eln(x2 +a2)+C

dx 1 b
899. Jm = Earctan(x\/;J +C, ab>0.
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900. [ _Lyei2ic
a+bx” 2b
dx 1 x?
901. =— C
J‘xia+bx2i 2a |a+bx’ "
902. | dx 1) la+bx|, o
a’-b’x* 2ab |a —bx|
903 .[ dx 1 |2ax+b—\/b —4ac|
© Jax® +bx+c \/b2 4ac ‘2ax+b+\/b2 4ac‘
b’ —4ac>0.
dx 2 2ax+b
904. = tan—+C,
-[ax2+bx+c \/4ac—b2 e an\/4ac—b2 "
b’ —4ac<0.

9.3 Integrals of Irrational Functions

2

905. j ax+b +C

b, ax+b

906. [ax+b dx= (ax+b)/+C

007. | JX“X _2Aax-2b) f e

3a
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2

908. Jx«/ax+b dx :M(ax+b)% +C

15a
dx 1 |\/ax+b Vb- ac|
909. +C,
'[(x+c)\/ax+b vb—ac ‘\/ax+b+\/b ac‘
b—ac>0.
dx 1 ax+b
910. = t +C,
J‘(X+c)\/ax+b \/ac_barcan ac—-b
b-ac<0.

911. J,/zizdx:%\/(ax+b)(cx+d)—

_ ai/_a_lzc ln‘\/a(cx+d)+\/c(ax+b)‘+c, a>0.
912. j,/:ﬁi dx——\/ax+b (cx+d) -
ad— art a(cx+d)+c (a<0,c>0).

cvfac (ax + b)

2 2_2
013, [ ow dx - 200" 1B 190 [

914. J‘ 2(8a —4abx3+3b X )m_i_c
\/a+bx 15b
915. patbx—va */_ a>0.

dx _1,
J‘x\/a+bx \/; N
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917.

918.

919.

920.

921.

922.

923.

924.
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J- 2
x\/a+bx \/—_a

I a- de—ﬂla x b+x a+b arcsm X+b

b+x a+b

J. E+X dxz—w/iaerib—xi—(a+b)arcsin b—x+
Vb-x

a+b

J. 1+—de:—\/1—x2 +arcsinx +C

1-x

J.L:2arcsin‘/x—_a+c
J(x—a)b-a) b-a
J\/a+bx—cx2 dx = 2cx_b\/a+bx—cx2 +

b2—4ac sin 2cx b

8\/c_3 \/b +4ac

+C,

.[ ln‘Zax+b+2w/aiax +bx+ci
vJax® +bx+c \/_

a>0.

d 1 2ax+b
J'—X = ——arcsinax—\/b2 —4ac+C, a<0.
Jax’+bx+c  +a 4a

2
.[sz +a2dx=§\/x2 +a’ +a7ln‘x+\/x2 +a’

+C
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929.

930.

931.

932.

933.

934.
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J.X\/X +a’dx = x +a )/+C

.[XZ\/ x” +a’dx =§(2x2 +a’Nx*+a—

4

+C

a
—Eln‘x +4/x* +a’

Vx® +a’ vx’+a’ T
'[ S dx=- +Injx+4/x"+a’|+C
X X
dx
J. =ln‘x+\/x2+a2 +C
Vx*+a’
Jx?+a? X
.[ dx=\/x2+a2+aln—+C
X a+yx’+a’
xdx
=vx’+a’+C
2+a2
a
J. x*+a —?ln‘x+ x*+a?|+C

X

a+\/x2+a2

+C

J‘X\/X +a

2

J.\/x —a’dx = \/x -a —%ln‘x+\/x —-a’|+C

IX\/X —a’dx= )/+C
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936.

937.

938.

939.

940.

941.

942,

943.

944,
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2 2
Jx?—a . a
J. dx=+vx*—a’ +aarcsin—+C
X X

R g

:ln‘x +4/x* —a’

I
Vx* —a’
=vJx’—a’+C

2

J-xdx

——Mwm—+C

J.X\/X —a

.[ dx _1 /X—a+C
x+a)\/x —a’ “aVx+a

1 X+a

'[x aNx—a ayx—a

J‘ dx —
- 2
x*y/x* —a’? ax

J- dx X LC
(Xz_az)% a’ lxz_az

235

+ ln‘x +

+C

a
x’—a +?ln‘x+
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949.

950.

951.

952.
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J.(x2 —az)%dX:—g(sz —5a*Wx*—a’+
4

3
+%ln‘x+\/x2 —a’

+C

2
J\/a —x’dx = \/a -X +a?arcsmx+C

a

[ola xax=—Lox i ic

4

J. *Val—-x*dx = (2X —a’Na’-x2 +%arcsin§+C

a

J. a’—x’ dx=+a’-x*+aln|———

+C

a+\/a —X

2 2 2 2
Va®—x Ja —x X
J. 5 dx=- —arcsin—+C
x

X a

=arcsinx + C

J- dx

—sm +C

JJ—
I

2 2
x“dx X a . X
J. =—Z4a’—x*+—arcsin—+C
at—x? 2 2 a
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955. | dx L Lt SPS

(X+a)\/a2—x2 2Va+x

1 Ja+x

dx
956. =—— C
J‘(x—aNaz—x2 2Wa—x
dx 1 bx +a’
957. = i C,b>a.
'[(x+b)\/a2—x2 N arc51na(x+b)+ >a
dx 1| x+b
958. = In| +C,
'|.(x+b)\/az—x2 Ja’—b? ‘\/az—bzx/az—x2+a2+bx‘
b<a.
2 2
059, [ Va-X ¢
x’va? —x’ a’x

960. .[(az —xz)%dx =§(5a2 —2x*Na?-x? +3%arcsin§+c

961. j - +C

9.4 Integrals of Trigonometric Functions

962. J.sinde:—cosx +C

963. Icosxdx =sinx+C
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1
964. J.SiIIZXdXZE——SiHZX+C
2 4
1
965. .[coszxdx=§+—sin2x+C
2 4
,3 1, 1 3
966. Ism xdx=-cos’ x—cosx+C=-—cos3x——cosx+C
3 12 4
3 ) 1., 1 . 3.
967. .[cos xdx=smx—§sm x+C=—sin3x+—sinx+C

+C

968. j dx

sinx

=J-cscx dx=1In tan%

X T
tan| —+—
(2 4j

970. J.dx :Jcsczxdx:—cotx+C
sin’ x

+C

969. | dx = [secx dx=1n

COSX

971. J. dx =Isec2xdx:tanx+C

2

cos” X
dx 1
972. .[ — =Icsc3xdx=— C(_)SZX +~Inltan>|+C
sin” X 2sin“x 2 2
i 1
973. J. ; =Isec3xdx= Smf +=Inftan| =+ = |+C
CoS™ X 2cos"x 2 2 4

1
974. J.sinxcosx dx = —ZCOSZX +C
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. 2 1 . 3
Ism xcosxdx=—sin’x+C
3
. 2 1 3
Ismxcos xdx=——cos’x+C
3
. x 1.
Ismz xcos’xdx==——sindx+C
8 32

J.tan xdx=— ln|cos x| +C

sinx 1
.[ > dx = +C=secx+C
Ccos” X CcOSX

sin’ x X T
J dx =Inltan| —+— ||—sinx+C
COSX 2 4

Itanzxdx=tanx—x+C

.[ cotxdx = ln|sin x| +C

cosXx
.[ ——dx=-———+C=-cscx+C
sin” x sinx

cos’ x X
'[ —— dx =Injtan—|+ cosx +C
sinx 2

Jcotzx dx=—-cotx—x+C

dx
J.—. = ln|tan X| +C
cosxsinx
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994.
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996.
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dx 1 X T
J — =———+Inltan| —+— ||+ C
sin” Xcosx sinx 2 4

d 1
J - X —= +Inftan>|+C
SINXCOS" X COSX 2

=tanx—cotx+C

J dx
sin’ x cos’ x

sin(m +n)x N sin(m —n)x
2(m + n) 2(m - n)

Isinmxsinnx dx=-

2 2
m #n-.

.[sin mx cosnx dx =— cos{m +n)x - cos(m —n)x +GC,
2(m +n) 2(m—n)

m’ #n’.

Icosmx cosnx dx = sin(m + n)x ¥ sin(m —n)x +C,

Z(m + n) Z(m - n)

m’#n’.
Isecxtanxdx=secx+C

Icscxcotxdx=—cscx+C

n+l1

) cos""x
J.smxcos"xdx=— +C
n+1
s_n+l
) sin™" x
Ism“xcosxdx= +C
n+1
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997. jarcsinx dx =xarcsinx+41—x> +C

998. J.arccosx dx =xarccosx —vV1—x> +C

999. J.arctanx dx =x arctanx — %ln(x2 + 1)+ C

1000. Jarccotx dx=xarccotx +%ln(x2 + 1)+ C

9.5 Integrals of Hyperbolic Functions

1001. Isinhxdx:coshX+C
1002. Icoshxdx:sinhx+C
1003. Itanhxdx:1ncoshx+C
1004. Icothde:1n|sinhx|+C
1005. Isechzxdx:tanhx+C
1006. Icschzxdx:—cothx+C

1007. J. sechx tanh xdx = —sechx +C
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1008. Jcschx coth xdx =—cschx + C

9.6 Integrals of Exponential and Logarithmic
Functions

1009. jeXdXZeuc

X

a

1o1o.jade= +C

Ina

ax

e+C

1011.je“dx=

a

ax

(S

2
a

1012. [xe™ dx =—(ax—1)+C

1013. jlnxdx=x1nx—x+c

dx

1014, [——=Inlnx|+C

xInx

1015. J‘X“Inxdx=x“+1 Inx 1 +C
n+l (n+1)

asinbx —bcosbx

ax
e” +C
a’+b’

1016. jeax sinbx dx =
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acosbx +bsinbx

1017. Ie“ cosbx dx = Y

e™ +C

9.7 Reduction Formulas

1018. jx“emdx=ix“em D [xrtemdx
m

m
emx emx m emX
1019. dx=- dx, n#1.
J‘x“ (n—1)x™" n—l-[)(r"1 >
. n 1 . n-1 n—1 . n-2
1020. Jsmh xdx =—sinh™ xcoshx — _[smh xdx
n n
1021.]- dx _ coshx _ _n—ZJ- dxﬁ2 el
sinh"x  (n—1)sinh"'x n-1°sinh"’x
1022. .[cosh“ xdx =lsinhxcosh“‘1 xcoshx + 2= 1 J‘cosh“"2 xdx
n n
1023."- dx __ sinh x _ +n—2J~ dx_2 el
cosh"x  (n—1)cosh""x n-1" cosh"?x

sinh™" x cosh™ " x

1024. Jsinh“ xcosh™ xdx =
n+m

+

J‘sinhn x cosh™? xdx
n+m

sinh™ " x cosh™" x

1025. jsinhn x cosh™ xdx =
n+m
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n-1

I sinh™* x cosh™ xdx
n+m

1026. [ tanh" xdx ' anh™xs [tanh™ xdx, n#1.

n—1

1027. Icoth“ xdx = —Lcoth"’1 X+ I coth? xdx, n#1.

n-1

sech” “x tanh x N n—2

1028. J.sech“xdx = J.sech"_zxdx ,n#l.

n—1 n—1

e 1. . -1¢. .
1029.Jsm xdx = ——sin™ ! x cos x + = Jsm ? xdx
n n
dx -2 d
1030. [-S—=—— 2" S [ E na),
sin"x  (n—1)sin"'x n-17sin"?x
n 1 . n-1 n-1 n-2
1031.J.cos xdx=—sinxcos" x+ J.cos xdx
n n
d i -2 d
1032. | - | X nzl.
cos"x (n-1)cos"'x n-17cos"?x

in"" xcos™ ' x

1033. .[sin“ xcos™ xdx = S

n+m

jsin“ x cos™ % xdx

+

n+m

sin™ ! x cos™" x

1034. .[sin“ xcos™ xdx =—
n+m
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n-—1

+ J-sin "2 x cos™ xdx

n+m

1
1035. .[tan“ xdx=—1tan“‘1 X—J‘tan""2 xdx, n#1.
n_

1036. Icot“ xdx =— cot" ' x — J.cot"’2 xdx, n#1.

n-—1

n-2
t -2
1037. J.sec" xdx=36¢ Xtenx o J.sec“_2 xdx, n#1.

n—1 n—1

-2
csc" “ xcotx N n-2

1038. J.csc" xdx =— J.csc“_2 xdx, n#1.

n—1 n—1

x"'In™x m

1039. jx“ In™ xdx = - j x" In™" xdx
n+1 n+1
In™ x In™ x m ¢In™'x
1040. [——dx=- —+— | dx, n#1.
x" (n-1x"" n-1Y x"

1041. [In" xdx =xIn" x—n[In"" xdx

1042. Jx“ sinh xdx =x" coshx — nJ.xlH cosh xdx
1043. [x" coshxdx =x" sinhx—n[x"" sinh xdx
1044. Jx“ sinxdx = —x" cosx + nJ‘x“’1 cos xdx

1045. Jx“ cosxdx =x" sinx — nJ.xlH sin xdx
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1046. jx“ sin! xdx =~

n+1

sin” x——J.
n+1 n+1

ﬂ

n+1

1047. .[x cos~ xdx—n+1cos X+EI _1 -
X" 1 X"
1048. Ix" tan”' xdx = tan 'x ——— :
n+1 n+171+x
_X b dx
a a’ax"+b
dx —2ax—b

1050.

'[ax +bx+c) (n—l)(b2—4achx2+bx+c)m1
_ 2(2n-3)a I dx .
(n—l)(b2—4ac) (ax2+bx+c)n71’ '

1051. — X 2n—-3 dx ’
J. X ta ) Z(n—l)az(xz+a2)n’l +2(n_1)a2 I(Xz +a2)n—1
n#l.

dx X

1052. -
.[Xz_az)ﬂ
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9.8 Definite Integral

b b
Definite integral of a function: .[ f(x)dx, .[ g(x)dx, ...

a

Riemann sum: Zf(ﬁi JAX,
i=1

Small changes: Ax,

Antiderivatives: F(x), G(x)

Limits of integrations: a, b, ¢, d

lim Zn:f(ii)AXi ’
maxn;?ao i=1

1053. [f(x)ix =

where Ax, =x,-x, ,, x,,<§ <x,.

1

y
y = f(x)
R Ry
Aol
AR RN
IR AR
0 Xgma xy Xz X4 X X=b

Figure 179.
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1054. j‘zldx =b-a

1055. j.kf(x)dx = k.]if(x)dx

1056. I[f(x)+ g(x)ldx = If(x)dx +Eg(x)dx
1057. I[f(x)—g(x)]dx: e el
1058. jf(x)dx 0

1059. Tf(x)dx = —:[f(x)dx

1060. [f(x)dx = [ f(x)dx + [ £(x)dx for a<c<b.

b
1061. [£(x)dx>0 if f(x)>0 on [a,b].

b
1062. [f(x)dx <0 if f(x)<0 on [a,b].
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1063. Fundamental Theorem of Calculus

[i()dx = E(x)° = F(b)- F(a) if F/(x)=£(x).

1064. Method of Substitution
If x=g(t), then

() = [flg(O)e )t

where

c=g"'(a), d=g"(b).
1065. Integration by Parts

b b

judv = (uVX: — jvdu

1066. Trapezoidal Rule

If(x)dx _b [f(x0)+ (x,)+ 25 £(x, )}

—a
2n i=1
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Figure 180.

1067. Simpson’s Rule

b
K = 22 (s, )+ 46(x, )+ 26(x, )+ 41(x, )+
n
+2f (x, )+...+4f(x,_ )+ f(x,)],
where
X. =a+ _ai, 1i=0,1,2,...,n.

1

n

250



CHAPTER 9. INTEGRAL CALCULUS

Figure 181.

1068. Area Under a Curve
b
S = [£(x)dx = F(b)-F(a),

where F'(x)=f(x).
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y =fx)

Figure 182.
1069. Area Between Two Curves
b
s = [[f(x) - g(x)ldx = E(b)- G(b) - F(a)+ G(a),

where F'(x)=f(x), G'(x)=g(x).
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y
y =1(x)
\
y =9(x)
R

0 a b A

Figure 183.

9.9 Improper Integral

b
1070. The definite integral j f(x)dx is called an improper integral
if
« aor bis infinite,
« f(x) has one or more points of discontinuity

in the interval [a,b].

1071.1f (x) is a continuous function on [a,OO), then

[ 6xdx = i [ e(x .
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y =1fx)

Figure 184.

1072.1f f (x) is a continuous function on (— OO,b] , then

j’. f(x)dx = nli‘i T f(x)dx.

y =fx)

Figure 185.
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Note : The improper integrals in 1071, 1072 are convergent
if the limits exist and are finite; otherwise the integrals are
divergent.

1073, [£(xhdx = [£(x)dx+ [F(x)dx

y

y = f(x)

Figure 186.

If for some real number ¢, both of the integrals in the right

side are convergent, then the integral J-f(x)dx is also

convergent; otherwise it is divergent.

1074. Comparison Theorems
Let f(x)and g(x) be continuous functions on the closed

interval [a,c0). Suppose that 0<g(x)<f(x) for all x in

[a,00).
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o If J. f(x)dx is convergent, then J.g(x)dx is also
convergent,

. If .[ g(x)dx is divergent, then J.f(x)dx is also divergent.
1075. Absolute Convergence

If J. |f (xjdx is convergent, then the integralJ.f (x)dx is abso-
lutely convergent.

1076. Discontinuous Integrand
Let f(x) be a function which is continuous on the interval

[a b) but is discontinuous at x =b. Then

b-¢
jf = lim f( )dx
b4
y=fx) |
| b
a 0 b l € A
Figure 187.
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1077. Let f(x) be a continuous function for all real numbers x in
the interval [a,b] except for some point ¢ in (a,b). Then

b c—¢ b
;[f(x)dx: lim j f(x)dx+ lim [f(x)dx.

c+d

y

y =1f(x)

Figure 188.

9.10 Double Integral

Functions of two variables: (x,y) , f (u,v) R
Double integrals: ”f(x,y)dxdy , ”g(x,y)dxdy,
R R

Riemann sum: i Zn: f (ui )Y, )AxiAy j

i=1 j=1
Small changes: Ax;, Ay,

Regions of integration: R, S
Polar coordinates: r, 0
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Area: A

Surface area: S
Volume of a solid: V
Mass of a lamina: m

Density: p(x,y)

First moments: M _, My
Moments of inertia: I_, I,]1
Charge of a plate: Q

Charge density: o(x,y)
Coordinates of center of mass: X, y

0

Average of a function: p

1078. Definition of Double Integral
The double integral over a rectangle [a, b]x[c, d] is defined

to be
”f %,y) Azmm{g‘?ﬁozzf(unv Jax, Ay;
[, b][e, max Ay, >0 =1 J=1

where (ui,vj) is some point in the rectangle

(XH’Xi)X (Yj—l’Yj)’ and Ax; =x; —x;_, AY;’ =Y~ Y-

¥
[xi_1 !xi] X [yl'1’y]]
d
R

Yi
Y - UV

0

a X, X b %
i-1 i
Figure 189.
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The double integral over a general region R is

”fxydA ”gxy)dA

[a, bx[c, d]
where rectangle [a, b]x[c, d] contains R,
g(x,y)=f(x,y) if f(x,y) isin R and g(x,y)=0 otherwise.

y

@

Figure 190.

1079. ” X,y)+g(x ,y)JdA = ”f ,y)dA+”g X,y )dA
1080. [[[f(x,y)-g(xy)dA = [[f(x,y)dA - [[g(x,y)dA

1081. [[kf(x,y)dA =k[[f(x,y)dA,

where k is a constant.

1082. If f(x,y)<g(x,y) on R, then ”f(x,y)dA < ”g(x,y)dA .
R R
1083. If f(x,y)z 0 onRand ScR, then
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”f(x,y)dA < ”f(x,y)dA .

L

Figure 191.
1084. If f(x,y)>0 on R and R and S are non-overlapping
regions, then J.J-f(x,y)dA = ”f(x,y)dA + J.J-f(x,y)dA .
R N

RUS
Here RUS is the union of the regions R and S.

y

Figure 192.
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1085. Iterated Integrals and Fubini’s Theorem

bq(x)
”f(x,y)dA:_[ If(x,y)dydx
R ap(x)
for a region of type I,

R={(x,y)la<x<b,p(x)<y<q(x)}.

y
y=q(x)

y =p(x)

Figure 193.

”f (x,y)dA = ‘TV}Y} (x,y)dxdy

cu(y)
for a region of type II,

R={(x,y)[uly)<x<v(y)c<y<d}.
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y
d
X = u(y)
X =v(y)
C
0 X

Figure 194.
1086. Double Integrals over Rectangular Regions

If R is the rectangular region [a,b]x[c,d], then

jRj £(x,y)dxdy = j:@f(x,y)dyjdx = jUf(x,y)dX]dy ,

C a

In the special case where the integrand f(x,y) can be writ-
ten as g(x)h(y) we have

[y~ sty sy sl | oty |.

1087. Change of Variables

”f(x,y)dxdy = Uf[x(u,v),y(u,v) lx,y) dudv,
R s a(u,v)
ox X
where SEX’Y; = g‘yl g"y #0is the jacobian of the trans-
wv) [9Y Oy

ou oOv
formations (x,y) - (u,v) , and S is the pullback of R which
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can be computed by x =x(u,v), y=y(u,v) into the defini-
tion of R.

1088. Polar Coordinates
x=rcos0, y=rsin0.

Figure 195.

1089. Double Integrals in Polar Coordinates

The Differential dxdy for Polar Coordinates is
dxdy = ‘8("’5’)

d(r,0)

Let the region R is determined as follows:
0<g(0)<r<h(0), a<0<PB,where p—a <2rm.
Then

”f (x,y)dxdy =

drdO =rdrdO .

h(6

)
f(rcos®,rsin0)rdrdd.
)

Q ™

g(e
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b4
0=
f
a(6)
S s =0
h(o
OA/ X

Figure 196.

If the region R is the polar rectangle given by
0<a<r<b, a<0<p,where p—a<2m,
then

” f(x,y)dxdy = TF f(r cos 0,rsin O)rdrdo.
R o a

Figure 197.
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1090. Area of a Region
b f(x)
A :J- jdydx (for a type I region).

ag(x)

y
y =h(x)
y=9()
0 s b X
Figure 198.

daly)
A =I dxdy (for a type II region).
cply)

p(y

Yy
d
X = p(y)
X =q(y)
c
0
Figure 199.
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1091. Volume of a Solid
V= ”f(x,y)dA .
R

z =1(x,y)

Figure 200.

If Ris a type I region bounded by x=a, x=b, y=h(x),
y =g(x), then

V= ”f(x,y)dA = T

R

g(x)
f(x,y)dydx .
)

h(x

If R is a type II region bounded by y=c, y=d, x=q(y),
x=pl(y), then

V= J.J-f(x,y)dA = }

R

aly

(x,y)dxdy.

vy—hv

p(y
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If f(x,y)>g(x,y) over a region R, then the volume of
the solid between z, =f(x,y) and z,=g(x,y) over R is
given by

V= [[[f(xy)-glxy)lda.

1092. Area and Volume in Polar Coordinates
If S is a region in the xy-plane bounded by 6 =a., 0=,

r=h(6), r=g(6),
then

B g(6)
A:J..[dA:J. jrdrde,
S h(e)

V = [[(r,0)rdrdo .

y
0=
/
9(0)
S _6=0
/ h(®
x‘f P
o X
Figure 201.

1093. Surface Area

> ”\/ (a) (ay] ey
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Mass of a Lamina
= [[ply)da.
R

where the lamina occupies a region R and its density at
a point (x,y) is p(x,y).

Moments
The moment of the lamina about the x-axis is given by for-
mula

M, = [[yp(x,y)dA.

The moment of the lamina about the y-axis is
M, = ”xp(x,y)dA.
R

The moment of inertia about the x-axis is

L =[[yp(xy)dA.

The moment of inertia about the y-axis is

I = ”xzp(x,y)dA .

The polar moment of inertia is

I, = [[( +y*plx,y)dA.

Center of Mass

”xp(x,y)dA
S T A
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H‘/p X,y JdA
_;HYP X Y J‘J‘p % y)dA .

y=
m

1097. Charge of a Plate
Q= IG(x,y)dA
R

where electrical charge is distributed over a region R and its
charge density at a point (x,y) is o(x,y).

1098. Average of a Function
1
= ngf(x,y)dA s

where S= ”dA .
R

9.11 Triple Integral

Functions of three variables: f (x,y,z), g(x,y,z), .
Triple integrals: I” f (x,y,z)dV, I” g(x,y,z)dV,
G G

Riemann sum: iiif(ui,vj,wk )AxiijAzk

i=1 j=1 k=1
Small changes: Ax;, Ay;, Az,
Limits of integration: a, b, ¢, d, r, s
Regions of integration: G, T, S
Cylindrical coordinates: r, 0,z
Spherical coordinates: r, 0, ¢
Volume of a solid: V
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Mass of a solid: m
Density: u(x,y,z)
Coordinates of center of mass: X, y, Z

First moments: M Myz » M,
I

Moments of inertia: I, I, I,, L, L, L,

Definition of Triple Integral
The triple integral over a parallelepiped [a, b]x[c, d]x[r, 5]
is defined to be

J.Hf(x,y,z)dV: lim ZZZf(ul,v wk)Ax Ay;Az,,

A 0
[a, blx[c, dX[r, s] :lgA; :0 i=1 j=1 k=1
maxAzk—>O
where (ui Y, ,wk) is some point in the parallelepiped
(Xi—l’xi)x (Yj—l’Yj)X (Zk—l’Zk ) ;and Ax; =x; =X,

AYj =Y Yo Az, =2, -2, ,.

,[” [£(x,y,2) + 8(x,y,2)}dV = _UJ. f(x,y,z)dV + J.” g(x,y,z)dV
I” %y,2)- g y,2)jdV = I” ’Y’Z)dV—”I g(x,y,z)dv
J.” kf(x,y,z)dV = k”'[ f(x,y,z)dV

where k is a constant.

.If f(x,y,2)>0 and G and T are nonoverlapping basic

reglons, then

1T toyiahay =[] xoyz)av + I toyie)

GUT
Here GUT is the union of the regions G and T.

270



CHAPTER 9. INTEGRAL CALCULUS

1104. Evaluation of Triple Integrals by Repeated Integrals
If the solid G is the set of points (x,y,z) such that

(x,¥)eR, x,(x,y)<z<y,(x,y), then

m x, >z )dxdydz = HLjfxy, dz}dxdy,

R | 1(xy)

where R is projection of G onto the xy-plane.

If the solid G is the set of points (X,y,z) such that
a<x<b, (Pl(x)S y< (Pz(x)’ Xl(X’Y)S z< Xz(X’Y)’ then

il <>de[[I<>de

a ‘Pl(x) XI(X’Y)

1105. Triple Integrals over Paralleleplped
If G is a parallelepiped [a, then

m x,y,2)dxdydz = { !.f ’Y’ZMZ}}X

In the special case where the integrand f(x,y,z) can be
written as g(x)h(y)k(z) we have

| ! [ f(x,y,2)dxdydz = @g(x)dx]@h(y)dyj@k(z)dzJ ,

1106. Change of Variables

[]] £(x,y,2)dxdydz =

_IJI u,v w u’V;W),Z(u,V, W)] 8(X,y,z)

ﬁ(u,v, W)
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x X OX
ou Ov ow
where M |y oy oy #0 is the jacobian of
a(u,v,w) ou Ov ow
G
ou oOv ow

the transformations (x,y,z)—)(u,v,w), and S is the pull-
back of G which can be computed by xzx(u,v,w),

y=y(uwv,w)
7= z(u, v, w) into the definition of G.

Triple Integrals in Cylindrical Coordinates
The differential dxdydz for cylindrical coordinates is

o(x,y,2)

G(r,e,z)

Let the solid G is determined as follows:

(%y)eR, 1,(xy)<z<y,(xy),

where R is projection of G onto the xy-plane. Then
”j X,V,Z dxdydz ”j rcos0,rsino, z)rdrd@dz

dxdydz = drd0dz =rdrd6dz.

% (rcos0,rsin@)
= ” If(rcos@,rsin@,z)dz rdrd6.
(r,6)

%1 (rcos0,rsin®)
Here S is the pullback of G in cylindrical coordinates.

Triple Integrals in Spherical Coordinates
The Differential dxdydz for Spherical Coordinates is

6(x,y,z)

G(r, 0,0)
[[] £(x,y,2)dxdydz =

dxdydz = drd0de =1’ sin 0drd0d¢
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= j ” f (r sin 0 cos @,rsin Osin @, r cos 6) r’sin0drdodeo,
S

where the solid S is the pullback of G in spherical coordi-
nates. The angle 0 ranges from 0to 27, the angle ¢
ranges from 0 to .

Figure 202.

1109. Volume of a Solid
V=[] dxdydz
G

1110. Volume in Cylindrical Coordinates
V= ”I rdrd6dz

S(r,0,z)
1111. Volume in Spherical Coordinates

V= ”I r’ sin0drdOde

S(r,e,(p)

273



1112.

1113.

1114.

1115.

CHAPTER 9. INTEGRAL CALCULUS

Mass of a Solid

m =Hj p(x,y,z)dV R

where the solid occupies a region G and its density at
a point (x,y,z) is u(x,y,z).

Center of Mass of a Solid
M, M M
iz ¥: , }—7: XZ , zz Xy ,

m m m
where

M, = J.J.J- xp(x,y,z) dv,
M, = [[] yu(oy,z)av,

M, = j” zu(x,y,z)dV

are the first moments about the coordinate planes x=0,
y=0, =0, respectively, u(x,y,z) is the density function.

Moments of Inertia about the xy-plane (or z=0), yz-plane
(x=0), and xz-plane (y=0)

L, = I” 2’u(x,y,z)dv,

G
L,= J:” x’u(x,y,z)dv,

G
L, =[[[ yu(xy,z)av.

G
Moments of Inertia about the x-axis, y-axis, and z-axis
L=1 +I,= J.” (12 +y’ )u(x,y,z)dV ,

G

L=1 +1, :J.ij. (22 +x2)p(x,y,z)dV,
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L=1,+1, = [[[ (* +x*hu(x,y,z)dV.
G

1116. Polar Moment of Inertia
L=L, +1, +1, = [[[ (& +y* +2* u(x,y,2)dV
G

9.12 Line Integral

Scalar functions: F(x,y,z), F(x,y), f(x)
Scalar potential: u(x,y,z)

Curves: C, C,, C,

Limits of integrations: a, b, o,
Parameters: t, s

Polar coordinates: r, 0

Vector field: F (P,Q,R)

Position vector: T(s)

Unit vectors: i, j, k, T

Area of region: S

Length of a curve: L

Mass of a wire: m

Density: p(x,y,z), p(x,y)
Coordinates of center of mass: X, y, Z
MXZ

I

y? "z

First moments: M, M,,

Moments of inertia: I , I
Volume of a solid: V
Work: W

Magnetic field: B
Current: I

Electromotive force: ¢
Magnetic flux: y
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1117. Line Integral of a Scalar Function
Let a curve C be given by the vector function ¥ =T(s),

0<s<8S, and a scalar function F is defined over the curve C.
Then

F(r ds— F ,y,z)ds— Fds,
I J¥( J

where dsis the arc length d1fferent1a1.

1118. des_des+des

C,uC, o

A Co
\/\
D
C,
Figure 203.

1119. If the smooth curve C is parametrized by T =1(t),
a<t<, then

JFGoy.2)ds = iF(x(t),y(t),Z(t))\/ () + (' () + (2 (1)) de.

1120. If C is a smooth curve in the xy-plane given by the equation
y:f(x), a<x<b, then

(s, )ds = [ B (GO (F) .

1121. Line Integral of Scalar Function in Polar Coordinates
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B 2
J.F(x,y)ds = J-F(rcos 0,rsin0), 1> + (%j do,
C o

where the curve C is defined by the polar function r(0).

1122. Line Integral of Vector Field
Let a curve C be defined by the vector function ¥ =t(s),
0<s<S.Then
dr _

—=1= (cos ., cos 3, cos y)

ds

is the unit vector of the tangent line to this curve.

z
r(s=0)
= F
T
r(s=S)
0 y
X
Figure 204.

Let a vector field F(P,Q,R) is defined over the curve C.

Then the line integral of the vector field F along the curve
Cis
S

Ide—l—Qdy-i—Rdz = I(Pcosoc+QcosB+Rcosy)ds .
C

0
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Properties of Line Integrals of Vector Fields

[(E-dF)=—[(F-ar),

-C C
where -C denote the curve with the opposite orientation.

[(-a5)= [(F-dF)= (& aF)+ [(E-aF),
C CuUC, G G,
where C is the union of the curves C, and C,.

. If the curve C is parameterized by 7(t)= <x(t),y(t),z(t)> ,

a<t<p, then
dex+Qdy+Rdz=

= OO Qb 2 R0l

dt dt

If C lies in the xy-plane and given by the equation y =f(x),
then

_l.de+Qdy=;f(P(x,f( )+ Q) jdx.

Green’s Theorem
”[a—Q —a—dexdy = $Pdx +Qdy,
oy ¢

where F=P(x,y)i +Q(x,y)j is a continuous vector func-

aQ .

. . . . . .. _oP
tion with continuous first partial derivatives —, . ina
X

some domain R, which is bounded by a closed, piecewise
smooth curve C.
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Area of a Region R Bounded by the Curve C
1
S=||dxdy =—¢xdy — ydx
[ty =2ty -

Path Independence of Line Integrals
The line integral of a vector function F=Pi +Qj +RK is

said to be path independent, if and only if P, Q, and R are
continuous in a domain D, and if there exists some scalar
function u=u(x,y,z) (a scalar potential) in D such that

- ou ou 0
F=g¢gradu,or — =P, — =Q, =R.
gradu o Q

u
oy oz

Then
jF(f) dr = dex +Qdy + Rdz=u(B)-u(A).

Test for a Conservative Field
A vector field of the form F=grad u is called a conservative

field. The line integral of a vector function F =Pi +Qj +Rk
is path independent if and only if

i j k
curlF=i i i=6.

0x 0Oy Oz

P Q R

If the line integral is taken in xy-plane so that
J.de +Qdy=u(B)-u(A),
C

then the test for determining if a vector field is conservative
can be written in the form

P _oQ

oy ox
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Length of a Curve

idpfg( fo- ;J@:g)ﬂ@

o

where C ia a piecewise smooth curve described by the posi-
tion vector T(t), a <t<p.

If the curve C is two-dimensional, then
B 2 2
L:jds_j dr )‘dt j\/(gj +(ﬂj dt.
< dt dt dt

If the curve C is the graph of a function y =f(x) in the xy-
plane (a <x<b), then

L= '[ 1+[jxj dx.

Length of a Curve in Polar Coordinates

L_[( )+rd9

where the curve C is given by the equation r =r(0),

o <0 <P in polar coordinates.

Mass of a Wire
m= jp(x,y,z)ds ,
C

where p(x, y,z) is the mass per unit length of the wire.
If Cis a curve parametrized by the vector function

f(t)=<x(t), y(t), Z(t)>, then the mass can be computed by
the formula
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m :Tp(x(t),y(t),z(t))J(%z R [%j R (%j .

If C is a curve in xy-plane, then the mass of the wire is given
by

m = [p(x,y)ds,
C

or

m = T P(X(t),y(t))\/ ( dsz + (ﬂ)z dt (in parametric form).

dt dt

Center of Mass of a Wire
M M, M

N = xy
» Y= y L= >
m m m

where
M, = jxp(x,y,z)ds R
C

X =

M,, = [yp(x,y,z)ds,
C

M, = Izp(x,y,z)ds .
C

Moments of Inertia
The moments of inertia about the x-axis, y-axis, and z-axis
are given by the formulas

I = J.(y2 +z° )p(x,y,z)ds ,

@]
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1135. Area of a Region Bounded by a Closed Curve
S= §xdy = —iﬁydx = l§xdy —ydx.
C C 2 C

Figure 205.

If the closed curve C is given in parametric form
F(t)= <x(t),y(t)> , then the area can be calculated by the for-

dt

Szix(t)ﬂdt=—j = :—j( ——y dx)dt

1136. Volume of a Solid Formed by Rotating a Closed Curve
about the x-axis

= _nit;yzdx = —2n§ xydy = —E§2xydy +y’dx
C C 2 C
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y
T N
/ \f"‘. a.’(I f)_/\\
\-" _“‘ 'll_ II'.. [ I'l
| fxl/g .
e | . |
0 || || d] :i|'| ! /
Ill _.-I|r’ L \I,I rl'"l‘. . |
Pl ey
\X X ) /
z i
Figure 206.

1137. Work

Work done by a force F on an object moving along a curve
C is given by the line integral
W= [E.df,

C

where F is the vector force field acting on the object, dr is
the unit tangent vector.

Figure 207.
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If the object is moved along a curve C in the xy-plane, then
= [F-df = [Pdx+Qdy,
C C

If a path C is specified by a parameter t (t often means
time), the formula for calculating work becomes

W= [ P00 2 Qb L R 005,

where t goes from a to 3.

If a vector field F is conservative and u(x,y,z) is a scalar

potential of the field, then the work on an object moving
from A to B can be found by the formula
W =u(B)-u(A).

1138. Ampere’s Law
fi;E -dr=p,l.
C

The line integral of a magnetic field B around a closed path
C is equal to the total current I flowing through the area
bounded by the path.

Figure 208.
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1139. Faraday’s Law

8=§;E-df=—d—w
’ dt

The electromotive force (emf) ¢ induced around a closed
loop C is equal to the rate of the change of magnetic flux y

passing through the loop.

Change in ¥
e
Figure 209.

9.13 Surface Integral

Scalar functions: f(x,y,z), z(x,y)
Position vectors: f(u,v), f(x,y,z)
Unit vectors: Y, }, k

Surface: S

Vector field: F (P,Q,R)

Divergence of a vector field: div F=V -F
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Curl of a vector field: curl F=V xF

Vector element of a surface: dS
Normal to surface: n

Surface area: A

Mass of a surface: m

Density: p(x,y,z)

Coordinates of center of mass: X, y, Z
MXZ

I ,I1,1

xz? “x?

First moments: M., M,

Moments of inertia: I,,1 I

yz? y> Tz
Volume of a solid: V

Force: F

Gravitational constant: G

Fluid velocity: ¥(¥)

Fluid density: p

Pressure: p(T)

Mass flux, electric flux: @
Surface charge: Q
Charge density: o(x,y)

Magnitude of the electric field: E

Surface Integral of a Scalar Function

Let a surface S be given by the position vector

F(u,v)= x(u,v)f + y(u,v)} + z(u,v)lz ,

where (u,v) ranges over some domain D(u,v) of the uv-

plane.
The surface integral of a scalar function f(x,y,z) over
the surface S is defined as

Or Or
f > Y dS = f >V ) >V ) ) ~ A
It y.okis= |f fa{urhyluvhel v))16u <

D(u,v

dudv,

— —

where the partial derivatives o and & are given by
ou ov
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I )i+ D ()i + P (uvk,
ou ou

ou Ou
v+ ()i + 2w vR

and 2_r X or is the cross product.
u

.If the surface S is given by the equation z =z(x,y) where

z(x,y) is a differentiable function in the domain D(x,y),
then

[fcis= [] fys (xy))\/lJr(S)ZJ (2;) dxdy.

ny

Surface Integral of the Vector Field F over the Surface S
o IfSis oriented outward, then

”F(X,y,z)- dS= Hﬁ(x,y,z)- ndS

jj V) z(uv)) [Z_fx%}dudv

u

o IfSis oriented inward, then
”F(x,y,z)- dS= Hli(x,y,z)- ndS
S S

- or or
= D(J;J:v)F(x(u,v),y(u,v),z(u,v)) {E X G—}dudv

u

dS=1dS is called the vector element of the surface. Dot
means the scalar product of the appropriate vectors.

The partial derivatives o and <= are given by
ou ov
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= a) E+ ) o) K,

ou ou u u
= ) T+ L) o )k

1143. If the surface S is given by the equation z =z(x,y), where
z(x,y) is a differentiable function in the domain D(x,y),

then
« If S is oriented upward, i.e. the k-th component of the

normal vector is positive, then
”F(x,y,z)- dS= ”F(x,y,z)- ndS
S

” (x,y,z (——Zi—%ﬁrk]dxdy,

« IfSis oriented downward, i.e. the k-th component of the
normal vector is negative, then

”F(x,y,z)- dS= IIF(x,y,z)- ndS
” (x,y,2 (—1+%]—kjdxdy.

1144, [[(F-)ds = [[Pdydz + Qdzdx + Rdxdy
S S
= ”(Pcosoc +Q cosB+Rcosy)dS ,
S

where P(x,y,z), Q(x,y,z), R(x,y,z) are the components of

the vector field F.
cosa, cosf, cosy arethe angles between the outer unit

normal vector n and the x-axis, y-axis, and z-axis, respect-
ively.
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1145. If the surface S is given in parametric form by the vector
£(x(u,v),y(u,v),z(u,v)), then the latter formula can be

written as
P Q R
ox Oy 0Oz
F-njdS = ||Pdyd dzdx +Rdxdy = — — —|dudv,
J;'[( n)d “ ydz + Qdzdx + Rdxdy = D{jv)au 2 2u udv
X oy &
ov oOv ov
where (u,v) ranges over some domain D(u,v) of the uv-

plane.

1146. Divergence Theorem
fE-as=[[[(v-Eav,
virhere i

F(x,y,2)=(P(x,y,2), Q(x,y,2), R(x,y,2))

is a vector field whose components P, Q, and R have
continuous partial derivatives,

v.p=P, Q R

ox Oy 82

is the divergence of F, also denoted divE. The symbol
i{:f indicates that the surface integral is taken over a closed

surface.

1147. Divergence Theorem in Coordinate Form

ﬁ Pdydz + Qdxdz + Rdxdy = j i ( op %Q + a]dxdydz :

1148. Stoke’s Theorem

if:.df:jsj'(VxF)-di
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where

F(x,y,2)=(P(x,y,2), Q(x,y,2), R(x,y,2))
is a vector field whose components P, Q, and R have
continuous partial derivatives,

— — —

i j k

Vxpoll 9 O]_[R_Q) +(5_P_5_Rj] 9Q _0oP
ox ox ox| \dy oz oz ox ox oy
P Q R

is the curl of F, also denoted curl F.
The symbol § indicates that the line integral is taken over

a closed curve.

Stoke’s Theorem in Coordinate Form
§Pdx +Qdy +Rdz
C

”(a_k__J (a_P_a_Rjd dxs [a_Q_a_P]dxdy
oy oz 0z 0x ox Oy
Surface Area

A=jsjds

If the surface S is parameterized by the vector

£(u,v)=x(u,v)i +y(u,v)j +2(u, v )k,
then the surface area is

or Or dudv,

_X_
ou

A=

D(u,v)
where D(u,v) is the domain where the surface t(u,v) is
defined.
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If S is given explicitly by the function z(x,y), then the sur-
face area is

_ AN
T

where D(x,y) is the projection of the surface S onto the xy-

plane.

Mass of a Surface

m= ”u(x,y,z)ds,

where ;,t(x,y,z) is the mass per unit area (density func-

tion).

Center of Mass of a Shell
M, M M
X= ? 5 ?: = 5 zZ= i 5

m m m
where

M, = ”xu(x,y,z)ds ,
S

M,, = [[yn(x,y,2)ds,
S

M, = Ijzu(x,y,z)ds
S

are the first moments about the coordinate planes x=0,
y=0, z=0, respectively. ;,L(x,y,z) is the density function.

Moments of Inertia about the xy-plane (or z=0), yz-plane
(x=0), and xz-plane (y=0)

L, = ”zzu(x,y,z)ds ,
S

IYZ :”xzu(x,y,z)ds R
S
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= [[y"u(xy,z)ds.

1156. Moments of Inertia about the x-axis, y-axis, and z-axis
I = ”(yz + zz)p(x,y,z)dS ,
I —IJ.X +z (x,y,z)ds,

I—jx+ xy,)dS

1157. Volume of a Solid Bounded by a Closed Surface

V= % ffxdydz -+ ydxdz + zdxdy

N

1158. Gravitational Force
F= Gm”p(x,y,z)isds s
f r
where m is a mass at a point <x0,y0,zo> outside the surface,

T =<x—x0,y—y0,z—zo> R
w(x,y,z) is the density function,
and G is gravitational constant.

1159. Pressure Force
= [[p(F)ds,
S

where the pressure p(f) acts on the surface S given by
the position vector r.

1160. Fluid Flux (across the surface S)

® = {}¥(¥)-ds
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where V() is the fluid velocity.

1161. Mass Flux (across the surface S)

@ = f{p¥(F)-ds,
S
where F=pv is the vector field, p is the fluid density.

1162. Surface Charge
Q= Hc(x,y)dS ,
S

where o(x,y) is the surface charge density.

1163. Gauss’ Law
The electric flux through any closed surface is proportional
to the charge Q enclosed by the surface

o= fJE-d5=2,
s €9
where
O is the electric flux,
E is the magnitude of the electric field strength,

g, =8,85x107" — s permittivity of free space.
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Chapter 10
Differential Equations

Functions of one variable: y, p,q,u, g, h, G, H, r, z
Arguments (independent variables): x, y
Functions of two variables: f(x,y), M(x,y), N(x,y)

First order derivative: y', u’, y, —y,

dt
. Y &
Second order derivatives: y', y, —, ...
dt’
. .. u o’u
Partial derivatives: —, — s e
ox

Natural number: n
Particular solutions: y,, Yo

Real numbers: k, t,C, C,, C,,p,q, o, B
Roots of the characteristic equations: A, A,
Time: t

Temperature: T, S

Population function: P(t)

Mass of an object: m

Stiffness of a spring: k

Displacement of the mass from equilibrium: y
Amplitude of the displacement: A
Frequency:

Damping coefficient: y

Phase angle of the displacement: &

Angular displacement: 0

Pendulum length: L
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Acceleration of gravity: g
Current: I

Resistance: R
Inductance: L
Capacitance: C

10.1 First Order Ordinary Differential
Equations

1164. Linear Equations

%+P(X)Y =q(x).

The general solution is
J. u(x)q(x)dx+C
y =

ux)
where

u(x)= equ p(x)dx) .

1165. Separable Equations

% =f(x,y)=g(x)h(y)

The general solution is given by
dy
= [g(x)dx +C,
/ h(y) /

or
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Homogeneous Equations
d
The differential equation ayzf(x,y) is homogeneous, if

the function f (x,y) is homogeneous, that is
f(tx, ty)=f(x,y).

The substitution z=-- (then y =1zx) leads to the separable
X

equation

x%+z =f(1,z2).

Bernoulli Equation

%+P(X)Y =q(x)y".

The substitution z=y'™ leads to the linear equation

%+(l_n)p(x)z:(1_n)q(x).

Riccati Equation

% =p(x)+q(x)y+r(x)y

2

If a particular solution y, is known, then the general solu-
tion can be obtained with the help of substitution

7= , which leads to the first order linear equation

Y—v.
& o)+ 2yir()lz - r(x).
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Exact and Nonexact Equations
The equation

M(x,y )dx + N(x,y)dy = 0
is called exact if

aM_oN
oy ox’
and nonexact otherwise.

The general solution is

J.M(x,y)dx + J.N(x,y)dy =C.

Radioactive Decay
dy
a0

where y(t) is the amount of radioactive element at time t, k
is the rate of decay.

The solution is
y(t) =y,e ", where y, = y(O) is the initial amount.

Newton’s Law of Cooling
dT

o K(T-59),

= MT-S)

where T(t) is the temperature of an object at time t, S is the

temperature of the surrounding environment, k is a posi-
tive constant.

The solution is

T(t)=S+(T, -S)e™,

where T, =T(0) is the initial temperature of the object at
time t=0.
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1172. Population Dynamics (Logistic Model)

P _ kp(] _ EJ ,
dt M
where P(t) is population at time t, k is a positive constant,

M is a limiting size for the population.

The solution of the differential equation is
(t) _ MP,
P, +(M-P,)e™
lation at time t=0.

, where P, =P(0) is the initial popu-

10.2 Second Order Ordinary Differential
Equations

1173. Homogeneous Linear Equations with Constant Coefficients
Y +py' +qy=0.
The characteristic equation is
X +prh+q=0.

If A, and A, are distinct real roots of the characteristic
equation, then the general solution is

y=C,e"* +C,e", where

C, and C, are integration constants.

IfA =A,= —g , then the general solution is
P,
2

y= (C1 + sz)ei

If A, and A, are complex numbers:
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A, =0 +Pi, A, =0 —Pi, where

4 _ 2
oo P povia-p
2 2

then the general solution is
y =e"(C, cosPx +C, sinpx).

Inhomogeneous Linear Equations with Constant
Coefficients

Y +py +qy=f(x).

The general solution is given by
Y=Y, +Y,> where

Yy, is aparticular solution of the inhomogeneous equation

and vy, is the general solution of the associated homogene-
ous equation (see the previous topic 1173).

If the right side has the form

f(x)= e (P,(x)cosPx + P, (x)sinpx),

then the particular solution vy, is given by

Y, = x“e“ (R, (x)cosPx + R, (x)sin fx),

where the polynomials R (x) and R,(x) have to be found

by using the method of undetermined coefficients.

« If a+pi is not a root of the characteristic equation, then
the power k=0,

o If a+pi is asimple root, then k=1,

« If a+pi isa double root, then k=2.

Differential Equations with y Missing

y"=f(x.y').
Set u=y'. Then the new equation satisfied by v is
u' =f(x,u),

which is a first order differential equation.

299



CHAPTER 10. DIFFERENTIAL EQUATIONS

1176. Differential Equations with x Missing
y"=£(y,y).
Set u=y’. Since
»_du_dudy du

= u ,
dx dydx dy

we have
uj—; = f(y,u) ,

which is a first order differential equation.

1177. Free Undamped Vibrations
The motion of a Mass on a Spring is described by the equa-
tion
my+ky=0,
where
m is the mass of the object,
k is the stiffness of the spring,
y is displacement of the mass from equilibrium.

The general solution is

y = Acos(w,t—38),

where

A is the amplitude of the displacement,

. o 2
®, is the fundamental frequency, the periodis T = il R
(’00

d is phase angle of the displacement.
This is an example of simple harmonic motion.

1178. Free Damped Vibrations
my + vy + ky =0, where
vy is the damping coefficient.
There are 3 cases for the general solution:
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Case 1.y* > 4km (overdamped)
y(t) =AeM" +Be™,
where

A\ :—y—1/y2—4km N :—y+1/y2—4km
» vy .

! 2m 2m

Case 2. y* =4km (critically damped)
y(t)=(A+Bt)e™,

Case 3. y> <4km (underdamped)

T
y(t)=e thAcos((;)t —3§), where
®=+/4km —v* .

1179. Simple Pendulum
2
—2 + § 9 = O >
dt® L
where 0 is the angular displacement, L is the pendulum
length, g is the acceleration of gravity.

The general solution for small angles 0 is

(t)=0__ sin \/%t , the period is T =27 \/E .
g

1180. RLC Circuit
d’T _dI 1 ,
L¥+RE+EI= \% (t)= ok, cos((nt),
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where I is the current in an RLC circuit with an ac voltage
source V(t)=E,sin(wt).

The general solution is
I(t)=C,e™ +C,e™ + Asin(ot— ),

where
~R=,[R? AL
r,,= _ C
b2 2L ’
Ao ok,

>

2
\/(L(oz - (1:) + R’

(Lm 1 )
¢p=arctan ——-——— |,
R RCw

C,, C, are constants depending on initial conditions.

10.3. Some Partial Differential Equations

1181.

1182.

The Laplace Equation
o’'u o'u

~+—=0
ox" 0Oy

applies to potential energy function u(x,y) for a conser-

vative force field in the xy-plane. Partial differential equa-
tions of this type are called elliptic.

The Heat Equation
o’u o*u Ou

+ =—
ox> oy’ ot
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applies to the temperature distribution u(x,y) in the xy-

plane when heat is allowed to flow from warm areas to cool
ones. The equations of this type are called parabolic.

The Wave Equation
o’'u 0'u 0u

=+ =
ox> oy’ ot

applies to the displacement u(x,y) of vibrating membranes

and other wave functions. The equations of this type are
called hyperbolic.
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Series

11.1 Arithmetic Series

1184.

1185.

1186.

1187.

Initial term: a,

Nth term: a_

Difference between successive terms: d
Number of terms in the series: n

Sum of the first n terms: S,

a,=a, +d=a, ,+2d=...=a, +(n-1)d
a,+a,=a,+a _,=...=a,+a_
a, = a, ta,
2
g _ata, 2a,+(n—-1)d
p—l . = -n
! 2 2
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11.2 Geometric Series

1188.

1189.

1190.

1191.

1192.

Initial term: a,

Nth term: a_

Common ratio: q

Number of terms in the series: n
Sum of the first n terms: S_
Sum to infinity: S

n-1

an = qan—l = alq

a,-a,=a,-a =a.-a

n-1 e i n+1-i

n—ow 1—- q
For |q| < 1, the sum S converges as n —> 0,

11.3 Some Finite Series

Number of terms in the series: n
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1193. 1+2+3+...4+n= n(n+1)

1194. 2+4+6+...+2n=n(n+1)

1195. 1+3+5+...+(2n—1)=n’

1196. k+(k+1)+(k+2)+...+(k+n_1):@

1197. 12+22+32+,__+n2=w

2
1198. 13+23+33+_,,+ns:{n(n+1)}

1199. I +3°+5° +...+(2n-1)' =
1200. 1’ +3°+5°+...+(2n 1] =n*(2n’ - 1)

1201. 1+l+l+l+...+—+...:2

1202. L+L+—+...+

1203. 1+l+l+3l+m+
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11.4 Infinite Series

Sequence: {an}
First term: a,
Nth term: a_

1204. Infinite Series

Da,=a +a,+...+a, +...
n=1

1205. Nth Partial Sum

n
Sn:Zan:a1+a2+...+an

n=1

1206. Convergence of Infinite Series

Y a, =L,if limS, =L
n=1

n—owo

1207. Nth Term Test

o Ifthe series Zan is convergent, then lima_ =0.

n—»o0
n=1

« If lima, #0, then the series is divergent.

n—oo

11.5 Properties of Convergent Series

Convergent Series: Zan =A, an =B
n=1 n=1

Real number: ¢
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1208. i(an +bn)=ian +ibn =A+B
n=1 n=1 n=1

1209. ican :cian =cA.

n=1 n=1

11.6 Convergence Tests

1210. The Comparison Test
Let Zan and an be series such that 0<a_ <b,_ foralln.

n=1 n=1

. If an is convergent then Zan is also convergent.

n=1 n=1

o If Zan is divergent then an is also divergent.

n=1 n=1

1211. The Limit Comparison Test
Let Zan and an be series such that a_ and b_ are posi-

n=1 n=1

tive for all n.

. If 0<lim>2 <o then Zan and an are either both

—0
n n=1 n=1

convergent or both divergent.
.a . o S
o If im—>=0 then an convergent implies that Zan is
noe n=1 n=1

also convergent.
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e If lim2™ =co then Zb divergent implies that Za is

n—o
n=1 n=1

also divergent.

1212. p-series

p-series Z—p converges for p>1 and diverges for

n=1

O0<p<l.

1213. The Integral Test
Let f(x) be a function which is continuous, positive, and
decreasing for all x >1. The series

Zf £(2)+£(3)+...+f(n)+

converges if '[f (x)dx converges, and diverges if

1

If(x)dx—)oo as n—o.
1

1214. The Ratio Test

Let Zan be a series with positive terms.

n=1

0
If lim 22 < 1 then Zan is convergent.
n—oo an =1

If lim 221 > 1 then Za is divergent.

n—o an p——
If im 221 =1 then Za may converge or diverge and
n—oo a n=1

the ratio test is inconclusive; some other tests must be
used.
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1215. The Root Test

Let Zan be a series with positive terms.

n=1

o Iflimg/a_ <1 then Zan is convergent.

n—oo

n=1
o Iflimz/a >1then ) a_ is divergent.
limy/a, Z:, \ g

o If limg/a_ =1 then Zan may converge or diverge, but
n—oo =1

no conclusion can be drawn from this test.

11.7 Alternating Series

1216. The Alternating Series Test (Leibniz’s Theorem)

Let {a} be a sequence of positive numbers such that
a , <a, foralln.
lima_=0.

n—»owo

Then the alternating series i(— 1)'a, and i(— 1)"a,
n=1 n=1

both converge.

1217. Absolute Convergence

« A series Zan is absolutely convergent if the series

n=1

0
Z |an| 1s convergent.

n=1
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« If the series Zan is absolutely convergent then it is con-

n=1

vergent.

1218. Conditional Convergence
A series Zan is conditionally convergent if the series is

n=1

convergent but is not absolutely convergent.

11.8 Power Series

Real numbers: x, x,

0 0
. n n
Power series: Zanx > Zan (x - xo)
n=0 n=0
Whole number: n
Radius of Convergence: R

1219. Power Series in x

o0

n __ 2 n
Dax"=a,+ax+a,x +...+a,x" ...
n=0

1220. Power Series in (x —x,)

i:an(x—xo)Il =a,+a,(x—x,)+a,(x—x,) +...+a, (x—x, )" +...
n=0

1221. Interval of Convergence
The set of those values of x for which the function

f(x)= i a (x—x,)" is convergent is called the interval of
n=0

convergence.
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1222. Radius of Convergence
If the interval of convergence is (x, —R,x,+R) for some

R >0, the Ris called the radius of convergence. It is given
as

R=1lim or R=Ilim A

1
—o —
n—o0 n an n—o0

an+1

11.9 Differentiation and Integration of Power
Series

Continuous function: f (x)

©
Power series: Zanx"
n=0
Whole number: n
Radius of Convergence: R

1223. Differentiation of Power Series
Let f(x)= ianx" =a, +a,x+a,x’ +... for |x|<R.
n=0
Then, for |x|<R, f (x) is continuous, the derivative f'(x)

exists and

, d d d
f (X)zaao —i—aalxﬁ—aazxz +...

0
_ 2 _ n-1
=a,+2a,x+3a,x" +...= E na x .
n=1

312



CHAPTER 11. SERIES

1224. Integration of Power Series

Let f(x Za x"=a,+a,x+a,x’ +... for |x|<R.
n=0

Then, for x| <R, the indefinite integral J.f (x)dx exists and

If(x)dx :J‘aodx+J-a xdx+J-a x*dx

2
X
=ax+a, — +a2—+ Za

11.10 Taylor and Maclaurin Series

Whole number: n
Differentiable function: f(x)

Remainder term: R

1225. Taylor Series
x B " 2
=5 ) ) plaa)e RIS
n=0 n.

2!
£ (a)x—a)

n!

+ +R,.

1226. The Remainder After n+1 Terms is given by

B £ (e x — )"
Ra = (n+1)

, a<&E<x.

1227. Maclaurin Series
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1 Power Series Expansions for Some

Functions

1228.

1229.

1230.

1231.

1232.

1233.

Whole number: n
Real number: x

2 3 n
x X X X
e =1+x+—+—+...+

2t 3! n!

+...

2 3 n
xlna+(xlna) +(xlna) N +(xlna)

1! 2! 3! n!

a* =1+

2 3 4
X

n _n+l
ln(1+x):X—X—+——X—+...+Li..., -1<x<I.
2 3 4 n+1

x|<1.
1-x 7

3 5
Inx=2 X2t fx=l)y 1fx=l .1, x>0.
x+1 3\x+1 5\x+1

1+x x* x x
In—=2| x+—+—+—+... ,
3 5
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1237.

1238.
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< X ¥ (_l)nxzn+1

3 s T (2n+1) ~

x 2x° 17x" 62x’ T
tanx=x+—+—+ + +oo X<
3 15 315 2835 2
1 x x 2x° 2%
cotx=——| =+ —+"—+ +oo |5 x| <.
x (3 45 945 4725
, x’ 1-3x’ 1-3-5...(2n - 1)x>"
arcsmx=x+—+———-+...+ .
2:3 2:4-5 2:4-6...(2n)2n +1)
|ﬂ<1.
T x  1-3x° 1-3-5...(2n - 1)x>"
arccosx=——| x+—+ +...+
2 2-3 2-4-5 2-4-6...2n)2n +1)
|x%iL
3 5 7 n__2n+l
-1
ammnx=x—§—+§——§—+“;+L—l§——i“.JﬂSl.
3 5 7 2n+1
XZ X4 X6 X2n
coshx=1+—+—+—+...+ +..
20 4 e (2n)
3 5 7 2n+1

. X X
sinhx=x+—+—+—+...+ ——+
31 5 7 (2n+1)
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11.12 Binomial Series

Whole numbers: n, m
Real number: x

Combinations: "C

m

1242. (1+x)" =1+ "C;x + "C,x* +...+ "C,x" +... + x"

1243. "C n(n—l)...[n—(m—l)]

m M

m!

x|<1.

1
1244, — =1-x+x"-Xx"+..., |X|<1.
1+x

1
1245, —  =1+x+x*+Xx +...,
1-x

x|<1.

2

1-3x> 1-3.5x*%
1246. \/1+x=1+§— X + X _1-3-3x +...,
2 24 246 2-4-6-8

X|Sl.

x| <1.

2 3 4
1247. 3«/1+x:1+§_1'2X +1'2'5X _1'2-5-8x N
3 3.6 3-6-9 3.6-9-12

11.13 Fourier Series

Integrable function: f(x)
Fourier coefficients: a,, a_, b,
Whole number: n
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1248. f(x)= Z a, cosnx +b, sinnx)
n=1

_0
2

1249. a = 1 If(x)cosnx dx
n

1250. b, = 1 If(x)sinnx dx
n_

317



Chapter 12
Probability

12.1 Permutations and Combinations

1251.

1252.

1253.

1254.

1255.

1256.

Permutations: "P_

Combinations: "C

m

Whole numbers: n, m

Factorial
n!=1-2-3...(n—-2)n—-1)n
0'=1

Binomial Coefficient

n n!
nC — -
" (m] m!(n—-m)

"C.="C

n-m

n n _n+l
Cm + Cm-%—l - Cm-%—l
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1257."C,+"C,+"C,+...+"C_ =2"

1258. Pascal’s Triangle

Row 0 1

Row 1 1 1

Row 2 1 2 1
Row 3 1 3 3

Row 4 1 4 6 4
Row 5 1 5 10 10
Row 6 1 6 15 20 15

12.2 Probability Formulas

Events: A, B

Probability: P

Random variables: X, Y, Z

Values of random variables: x, y, z
Expected value of X: p

Any positive real number: ¢
Standard deviation: c

Variance: c*

Density functions: f(x), f(t)

1259. Probability of an Event

P(A)=%,

where
m is the number of possible positive outcomes,
n is the total number of possible outcomes.
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1264.

1265.

1266.

1267.

1268.
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Range of Probability Values
0<P(A)<1

Certain Event
P(A)=1

Impossible Event
P(A)=0

Complement
P(A)=1-P(A)

Independent Events
P(A/B)=P(A),
P(B/A)=P(B)

Addition Rule for Independent Events
P(AUB)=P(A)+P(B)

Multiplication Rule for Independent Events

P(AnB)=P(A)-P(B)

General Addition Rule
P(AUB)=P(A)+P(B)-P(ANB),
where

A UB is the union of events A and B,

A N B is the intersection of events A and B.

Conditional Probability
P(A/B)= P(ANB)

P(B)

P(ANB)=P(B)-P(A/B)=P(A)-P(B/A)
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Law of Total Probability
Z P(B,)P(A/B,)

where Bi is a sequence of mutually exclusive events.

Bayes’ Theorem

P(B/A)= P(A/B)-P(B)

P(A)
Bayes’ Formula
P(B, /A)= mP(B)- P(A/B;) ’
> P(B,)-P(A/B,)
k=1
where

B, is a set of mutually exclusive events (hypotheses),

A is the final event,
P(B, ) are the prior probabilities,
P(B, /A) are the posterior probabilities.

Law of Large Numbers

P[ S—“ —-u
n

P[ S—“ —-u
n

where

S, is the sum of random variables,

ZSJ—)O as n— o,

<8j—)1 as n— oo,

n is the number of possible outcomes.

Chebyshev Inequality
p(x— 2 5)< VX,

€
where V(X) is the variance of X.
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1275. Normal Density Function

_(x=p)?
e 262

>

ox)=—
o+\21
where x is a particular outcome.

1276. Standard Normal Density Function

2
z

1 =
(P(Z): \/ﬁe

Average value p =0, deviation 6 =1.

Figure 210.

1277. Standard Z Value
7 = X-p
c

1278. Cumulative Normal Distribution Function
1 x ()’
F(x)= J-e 2 dt,
o221 7,
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where
x is a particular outcome,
t is a variable of integration.

1279. P(a<X<B)=F(a_“j—F(B_Mj,

(&) (@)

where

X is normally distributed random variable,

F is cumulative normal distribution function,
P(o. < X <) is interval probability.

1280. P(X—p|<z)= 21:(3) :
(&)

where
X is normally distributed random variable,
F is cumulative normal distribution function.

1281. Cumulative Distribution Function
F(x)=P(X <x)= [f(t)dt,
where t is a variable of integration.

1282. Bernoulli Trials Process

w=np , o’ =npq,

where

n is a sequence of experiments,

p is the probability of success of each experiments,

q is the probability of failure, q=1-p.

1283. Binomial Distribution Function

n
b(n, p,q)=[ ] p“q" ",

k
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p=np, ¢’ =npgq,

f(x): (q+ pe")|1 ,

where

n is the number of trials of selections,
p is the probability of success,

q is the probability of failure, q=1-p.

1284. Geometric Distribution

P(T=j)=q""p,
n =la o’ :%’

p p
where

T is the first successful event is the series,

j is the event number,

p is the probability that any one event is successful,
q is the probability of failure, q=1-p.

1285. Poisson Distribution
k
P(X:k)z%e*, A=np,

nw=>XA,c’ =%,

where

A is the rate of occurrence,

k is the number of positive outcomes.

1286. Density Function
b
P(a <X <b)= [f(x)dx

1287. Continuous Uniform Density
o 1 _a+b
b-a’ H 2’
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where f is the density function.

Exponential Density Function
f(t):ke_“, n=>A,c’ =N
where t is time, A is the failure rate.

Exponential Distribution Function
F(t)=1-¢™,
where t is time, A is the failure rate.

Expected Value of Discrete Random Variables
n= E(X) = inpi »
i=1

where x; is a particular outcome, p; is its probability.

Expected Value of Continuous Random Variables

u=E<x>=_Txf<x>dx

Properties of Expectations
E(X+Y)=E(X)+E(Y),
E(X-Y)=E(X)-E(Y),
E(cX)=cE(X),
E(XY)=E(X)-E(Y),
where c is a constant.

E(X?)=V(X)+p?,

where

pn= E(X) is the expected value,
V(X) is the variance.

325



1294,

1295.

1296.

1297.

1298.

1299.

CHAPTER 12. PROBABILITY

Markov Inequality
P(X>k)< ?

where k is some constant.

Variance of Discrete Random Variables
o? = V(X)=E[(X -} ]= 3 (x, -,
i=1

where
X, is a particular outcome,

p; is its probability.

Variance of Continuous Random Variables

0" ~V(X)= B[ Xy} - [(x-pex)ax

—0

Properties of Variance
V(X+Y)=V(X)+V(Y),
V(X-Y)=V(X)+V(Y),
V(X +¢)=V(X),
V(cX)=c*V(X),

where c is a constant.

Standard Deviation

D(X) = V(X) =/ E[(X - u) ]

Covariance

cov(X,Y) = E[(X - p(X)XY - p(Y))]= B(XY ) - p(X)u(Y),
where

X is random variable,

V(X) is the variance of X,

u is the expected value of X or Y.
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1300. Correlation
cov(X,Y)
XY )=——m—,
O v
where
V(X) is the variance of X,
V(Y) is the variance of Y.
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